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Abstract—This paper introduces a new framework to construct
fast and efficient sensing matrices for practical compressive
sensing, called Structurally Random Matrix (SRM). In the
proposed framework, we prerandomize the sensing signal by
scrambling its sample locations or flipping its sample signs and
then fast-transform the randomized samples and finally, sub-
sample the resulting transform coefficients to obtain the final
sensing measurements. SRM is highly relevant for large-scale,
real-time compressive sensing applications as it has fast compu-
tation and supports block-based processing. In addition, we can
show that SRM has theoretical sensing performance comparable
to that of completely random sensing matrices. Numerical sim-
ulation results verify the validity of the theory and illustrate the
promising potentials of the proposed sensing framework.

Index Terms—Compressed sensing, compressive sensing, fast
and efficient algorithm, random projection, sparse reconstruction.

I. INTRODUCTION

OMPRESSED SENSING (CS) [1], [2] has attracted a

lot of interests over the past few years as a revolutionary
signal sampling paradigm. Suppose that & is a length- N signal.
It is said to be K -sparse (or compressible) if # can be well ap-
proximated using only K < N coefficients under some linear
transform

r = VYa

where W is the sparsifying basis and e is the transform coeffi-
cient vector that has at most K (significant) nonzero entries.

According to the CS theory, such a signal can be acquired
through the following random linear projection:

y=>ox+e

where y is the sampled vector with M < N data points, ® rep-
resents a M x N random matrix and e is the acquisition noise.
The CS framework is attractive as it implies that & can be faith-
fully recovered from only M = O(K log N) measurements,
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suggesting the potential of significant cost reduction in digital
data acquisition.

While the sampling process is simply a random linear projec-
tion, the reconstruction process to recover the original z from
the received measurements g is highly nonlinear. More pre-
cisely, the CS theory suggests the following reconstruction algo-
rithm based on the [;-minimization of the transform coefficient
vector a:

min ||a; s.t. y=dVa.

Linear programming [1], [2] and other convex optimization
algorithms [3]-[5] have been proposed to solve the [; minimiza-
tion. Furthermore, there also exists a family of greedy pursuit al-
gorithms [6]-[10] offering another promising option for sparse
reconstruction. These algorithms all need to compute ®¥ and
(®¥)T multiple times. Thus, the computational complexity of
the system heavily depends on the structure of sensing matrix ®
and its transpose ®7 .

Preferably, the sensing matrix ® should be highly incoherent
with sparsifying basis ¥, i.e. rows of ® do not have any sparse
representation in the basis ¥. The incoherence between the two
matrices is mathematically quantified by the mutual coherence
coefficient [11].

Definition I.1: The mutual coherence of an orthonormal ma-
trix NV x N® and another orthonormal matrix N x NW is defined
as

1W(®, ) =

max ‘ <<I>1T ‘I’j> ‘
1<7,5<N
where ®; are rows of ® and ¥; are columns of ¥, respectively.

If ® and ¥ are two orthonormal matrices, || ®¥;||, =
|¥;]l, = 1. Thus, it is easy to see that for two orthonormal
matrices ® and W, LN < p < 1. Incoherence implies that
the mutual coherence or the maximum magnitude of entries of
the product matrix ®¥ is relatively small. Two matrices are
completely incoherent if their mutual coherence coefficient
approaches the lower bound value of ﬁ

A popular family of sensing matrices is a random projection
or a matrix of i.i.d. random variables from a sub-Gaussian
distribution such as Gaussian or Bernoulli [12], [13]. This
family of sensing matrices is well known as it is universally
incoherent with all other sparsifying bases. For example, if
® is a random matrix of Gaussian i.i.d. entries and ¥ is an
arbitrary orthonormal sparsifying basis, the sensing matrix in
the transform domain ®W is also a Gaussian i.i.d. matrix. This
universality property of a sensing matrix is important because
it enables us to sense a signal directly in its original domain
without significant loss of sensing efficiency and without any
other prior knowledge. In addition, it can be shown that random
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projection approaches the optimal sensing performance of
M = O(KlogN).

However, it is quite costly to realize random matrices in prac-
tical sensing applications as they require very high computa-
tional complexity and huge memory buffering due to their com-
pletely unstructured nature [14]. For example, to process a 512
x 512 image with 64 K measurements (i.e., 25% of the original
sampling rate), a Bernoulli random matrix requires a gigabyte of
storage and a giga-flop of computation, which makes both the
sampling and recovery processes very expensive and in many
cases, unrealistic.

Another class of sensing matrices is a uniformly random
subset of rows of an orthonormal matrix in which the partial
Fourier matrix (or the partial FFT) is a special case [13],
[14]. While the partial FFT is well known for having fast and
efficient implementation, it only works well in the case that the
sparsifying basis is the identity matrix, i.e., the sensing signal
is spiky at random locations. More specifically, it is shown in
[[14, Theorem 1.1]] that the minimal number of measurements
required for exact recovery depends on the incoherence of ®
and ¥

M =0 (u2KlogN) (1)
where (i, is the normalized mutual coherence
Hn = \/N[L(fb, )

and 1 < y,, < V/N. In the case of several popular sparsifying
bases such as wavelets and cosine transforms, this mutual co-
herence coefficient might be large and thus, resulting in perfor-
mance loss. Another approach is to design a sensing matrix that
is incoherent with a given sparsifying basis. For example, Noise-
lets is designed to be incoherent with the Haar wavelet basis in
[15], i.e. ;t,, = 1 when @ is Noiselets transform and W is the
Haar wavelet basis. Noiselets also has low-complexity imple-
mentation O(N log N) but then, it is unknown if noiselets are
also incoherent with other bases.

II. COMPRESSIVE SENSING WITH STRUCTURALLY
RANDOM MATRICES

A. Overview

One of remaining challenges for CS in practice is to design a

sensing framework that has the following features:

e Optimal or near optimal sensing performance: the number
of measurements for exact recovery approaches the min-
imal bound, i.e. on the order of O(K log N);

* Universality: sensing performance is equally good with al-
most all sparsifying bases;

* Low complexity, fast computation and block-based pro-
cessing support: these features of the sensing matrix are
desired for large-scale, realtime sensing applications;

* Hardware/Optics implementation friendliness: entries of
the sensing matrix only take values in the set {0, 1, —1}.

In this paper, to satisfy the aforementioned wish-list, we pro-

pose a framework called Structurally Random Matrix (SRM),
defined as a product of three matrices

N
& — 1/MDFR )
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where

* R c RV*¥ iseither a uniform random permutation matrix
or a diagonal random matrix whose diagonal entries R;; are
i.i.d. Bernoulli random variables with identical distribution
P(R;; = £1) = 1. A uniformly random permutation ma-
trix scrambles the signal’s sample locations globally while
a diagonal matrix of Bernoulli random variables flips the
signal’s sample signs locally. Hence, we often refer to the
former as the global randomizer and the latter as the local
randomizer.

+ F € RY*¥ is an orthonormal matrix that, in practice, is
selected among popular fast computable transforms such
as the Fast Fourier Transform (FFT), the Discrete Co-
sine Transform (DCT), the Walsh-Hadamard Transform
(WHT), or their block diagonal versions. The purpose of
the matrix F is to spread the information (or the energy)
of the signal’s samples over all measurements.

« D € RMXN jg a subsampling matrix/operator. The oper-
ator D selects a random subset of rows of the matrix F'R. If
the probability of selecting a row is %, the number of rows
selected would be M on average. In matrix representation,
D is simply a random subset of M rows of the identity
matrix of size N x N. The scale coefficient \/g is to nor-
malize the transform so that the energy of the measurement
vector is almost similar to that of the input signal vector.

Equivalently, the proposed sensing algorithm SRM contains
three steps:

» Step 1 (Prerandomization): Randomize a target signal by
either flipping its sample signs or uniformly permuting its
sample locations. This step corresponds to multiplying the
signal with the matrix R;

* Step 2 (Transformation): Apply a fast transform F' to the
randomized signal;

e Step 3 (Subsampling): Randomly pick up M measure-
ments out of N transform coefficients. This step corre-
sponds to multiplying the transform coefficients with the
matrix D.

Conventional CS reconstruction algorithm is employed to
recover the transform coefficient vector @ by solving the [y
minimization:

a=argmin||al; st y=>Va. 3)
Finally, the signal is recovered as = Wa. The framework can
achieve perfect reconstruction if # = .

To the best of our knowledge, the proposed sensing algorithm
is distinct from existing methods such as random projection
[16], random filters [17], structured Toeplitz [18], and random
convolution [19] via the first step of prerandomization. Its main
purpose is to scramble the structure of the signal, converting the
sensing signal into a white noise-like one to achieve universally
incoherent sensing.

Depending on specific applications, SRMs can offer compu-
tational benefits either at the sensing process or at the signal
reconstruction process. For applications that allow us to per-
form sensing operation by computing the complete transform
F, we can exploit the fast computation of the matrix F' at the
sensing side. However, if it is required to precompute DF R
(and then store it in the memory for future sensing operation),
there would not be any computational benefit at the sensing
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side. In this case, we can still exploit the structure of SRM to
speed up the signal recovery at the reconstruction side as in
most /1 -minimization algorithms [3], the majority of computa-
tional complexity is spent to compute matrix-vector multipli-
cations Au and ATu, where A = ®W. Note that both A and
AT are fast computable if the sparsifying matrix ¥ is fast com-
putable, i.e. their computational complexity is typically in the
order of O(N) to O(N log N). In addition, when F' is selected
to be the Walsh-Hadamard matrix, the SRM’s entries only take
values in the set {—1, 1}, which is friendly for hardware/optics
implementation.

The paper is organized as follows. We first discuss about
incoherence between SRMs and sparsifying transforms in
Section III. More specifically, Section III-A will give us a rough
intuition of why an SRM has sensing performance comparable
to that of a Gaussian random matrix. Detailed quantitative
analysis of the incoherence for SRMs with the local random-
izer and the global randomizer is presented in Section III-B.
Based on these incoherence results, theoretical performance
of the proposed framework is analyzed in Section IV and then
followed by experimental validation in Section V. Finally,
Section VI concludes the paper with detailed discussions on
practical advantages of the proposed framework and relation-
ship between the proposed framework and other related works.

B. Notations

We reserve a bold letter for a vector, a capital and bold letter
for a matrix, a capital and bold letter with one subindex for a row
or a column of a matrix and a capital letter with two subindices
for an entry of a matrix. We often employ £ € R" for the input
signal, y € RM for the measurement vector, ® € RM*¥ for the
sensing matrix, ¥ € RY*¥ for the sparsifying matrix and a €
RY for the sparse transform coefficient vector (z = Wa). We
use the notation supp(z) to indicate the index set (or coordinate
set) of the nonzero entries of the vector z. Occasionally, we also
use 7 to alternatively refer to this index set of nonzero entries
(i.e., 7 = supp(z)). In this case, z7 denotes the portion of
vector z indexed by the set 7 and ¥+ denotes the submatrix of
W whose columns are indexed by the set 7.

Let A = FR and S;;, F;; be the entry at the it" row and the
4t column of AW and F, Ry}, be the k" entry on the diagonal
of the diagonal matrix R, A; and ¥, be the it" row of A and
4t column of W, respectively.

In addition, we also employ the following notations:

* &, is on the order of o(z, ), denoted as =, = o(zy), if

:ETL

lim — =0.
n—0oo Z,

* &, is on the order of O(z,), denoted as x,, = O(z,), if
Ty

im — =¢
n—0oo Z,

where c is some positive constant.
* A random variable X, is called asymptotically normally
distributed N (0, 02), if
e 2
/ e2 dy.

X 1
lim P2 <z)|=—
n—oo ( o ) 2
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Fig. 1. QQ plots comparing the distribution of entries of ®¥ and Gaussian
distribution. (a) R is the local randomizer. (b) R is the global randomizer. The
plots all appear nearly linear, indicating that entries of ®¥ are nearly Normal
distributed.

III. INCOHERENCE ANALYSIS

A. Asymptotical Distribution Analysis

If ® is an i.i.d. Gaussian matrix A/ (0, +) and ¥ is an ar-

bitrary orthonormal matrix, ®¥ is also an i.i.d. Gaussian ma-
trix N’ (07 %) , implying that with overwhelming probability, a
Gaussian matrix is highly incoherent with all orthonormal W.
In other words, the i.i.d. Gaussian matrix is universally inco-
herent with fixed transforms (with overwhelming probability).
In this section, we will argue that under some mild conditions,
with ® = DFR, where D, F, R are defined as in the pre-
vious section, entries of ®W¥ are asymptotically normally dis-
tributed A'(0, 02), where 0 < O (4). This claim is illustrated
in Fig. 1, which depicts the quantile-quantile (QQ) plots of en-
tries of ®¥, where N = 256, F' is the 256 x 256 DCT matrix
and ¥ is the Daubechies-8 orthogonal wavelet basis. Fig. 1(a)
and Fig. 1(b) correspond to the case R is the local and global
randomizer, respectively. In both cases, the QQ-plots appear
straight, as the Gaussian model demands.

Note that ® is a submatrix of A = FR. Thus, asymptotical
distribution of the entries of AW is similar to that of entries of

.
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Before presenting the asymptotical theoretical analysis, we
introduce the following assumptions for the local and global
randomization models.

1) Assumptions for the Local Randomization Model:

e Fisan N x N unit-norm row matrix with absolute mag-

nitude of all entries on the order of O (ﬁ)
e Wisan N X N unit-norm column matrix with the maximal
absolute magnitude of entries on the order of o(1).

2) Assumptions for the Global Randomization Model: The
global randomization model requires similar assumptions
for the local randomization model plus the following extra
assumptions

* The average sum of entries on each column of W is on the

order of o (ﬁ)

* Sum of entries on each row of F'is zero.

 Entries on each row of F' and on each column of ¥ are not

all equal.

Theorem II1.1: Let A = FR, where R is the local random-
izer. Given the assumptions for the local randomization model,
entries of AW are asymptotically normally distributed N(0, o'2)
with 02 < O ().

Proof: With notations being defined in Section II-B, we
have:

N

Sij = (Ai,¥;) = > Fi U Ry “4)
k=1
Denote Z; = F;;,Vy,;Ry,. Because Ry, are i.i.d. Bernoulli

random variables, Z;, are i.i.d. zero-mean random variables with

E(Z,) = 0. The assumption that |F;;| are on the order of
1

o (%)

¢o such that

implies that there exist two positive constants ¢; and

(&1 C2
lefzjg\/ar(zk) FRU;, < \Izzj. &)

The variance of S;;, o2, can be bounded as follows:

ijs

N N N
1 2 _ C2 2 _ C2
NEN LV S0t =Y Varz) < T YU =T
k=1 k=1 k=1 (6)

Because S;; is a sum of i.i.d. zero-mean random variables
{Z k}k 1» according to the Central Limit Theorem (CLT) (see
Appendix A), S;; — N (0 o ( N)) To apply the CLT, we need
to verify its convergence condition: for a given ¢ > 0 and there
exists NV that is sufficiently large such that Var(7y) satisfy

Var(Zy) < eo?, k=1,2,...,N. @)

To show that this convergence condition is met, we use the
counterproof method. Assume there exists €, such that VNV,
there exists at least kg € {1,2,..., N}

Var (Zy,) > €00>. (3)
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From (5), (6) and (8), we achieve

EON < Var (Zko) S N‘Ilkoj (9)

This inequality can not be true if Uy, ; is on the order of o(1).
The underlying intuition of the convergence condition is to guar-
antee that there is no random variable with dominant variance
in the sum S;;. In this case, it simply requires that there is no
dominant entry on each column of V. O

Similarly, we can obtain the following result when R is a
uniformly random permutation matrix.

Theorem II1.2: Let A = FR, where R is the global random-
izer. Given the assumptions for the global randomization model,
entries of AW are asymptotically normally distributed (0, %),
where 02 < O ()

Proof: Let [wy,ws,...,wy]| be a uniform random permu-
tation of [1,2, ..., N]. Note that {wk}kJLl can be viewed as a
sequence of random variables with identical distribution. In par-
ticular, for a fixed k

Denote Z;, = Fj., V1, (we omit the dependence of Zj, on ¢ and
7 to simplify the notation), we have

Sij = (4;,9,)

N
Z Fio, Ui =Y Z.
k=1

Using the assumption that the vector F'; has zero sum of entries
and unit norm, we can arrive at

v
E(Zk) = \Dk]E zwk — k] ZF” =0

and also

F2

E(Z}) = V,E(FL,) = ’WZ

In addition, note that although {wk}ﬁzl have the identical
distribution, they are correlated random variables because of the
uniformly random permutation without replacement. Thus, with
apairof k and [ such that 1 < k # [ < N, we have

E(ZyZ)) =V Y E (Fi, Fiw,)

\I/kj\l/lj Z
=NV 1 FipFig
NN 1) 1<p£q<N
\I/ T P
s ((2m) -2
( p=1
\lfkj\plj

 N(N-1)
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The last equation holds because the vector F'; has zero sum
of entries and unit-norm. Then, we derive the expectation and
the variance of S;; as follows:

E(Sij) = 0;
Var(S, Z

- Y +
1<k#q<N

N

E \1/2_;
iTN(N-1)

k=1

E(ZyZy)

DN 7% 77

1<k#I<N

1 1 N 2 N

i — U | — U2,
N N(N-1) (; J) ; ki
_ 1 N ’

k=1

2/~

f%+m=0<%>~

The forth equations holds because the column ¥; has unit-
norm. The theorem is then a simple corollary of the Combina-
torial Central Limit Theorem [20] (see Appendix A), provided
that its convergence condition can be verified as follows:

lim NmaX1<k<N(sz;F)2 maxi<p< N (Vg —T;)? _
N—eo Zk | (Fir—F;)? Zk:l(\llkj ;)2

(10)
where

_ 1 X
Lk7 J:NZID

k=1 k=1

=
I

2|~

Mz

Because F; = 0, || Fi||5 = 1 and max; <<y
the (10) holds if the following equation holds:

Fp=0 (%)’

(Ui — U5)?
lim maxl;"SN( ik~ ;) —0. (11)
= Y p=1(Wie — )
As {|U;|}4L, are on the order of o (\/IN) we have
N .
3 (0 —T)% = |l2-NT;” = 1-NT,;” = O(1). (12)

k=1

Also, due to |¥;| < maxj<g<n |Vk;| and |¥y;| are on the
order of o(1):

max (Vg — ¥; ) <4 max \Il =o(1).
1<k<N 1<k<N

13)
Combination of (12) and (13) implies (11) and thus the conver-
gence condition of the Combinatorial Central Limit Theorem is
verified. O

The condition that each row of F' has zero sum of entries is to
guarantee that entries of F'W¥ have zero mean while the condition
that entries on each row of F and on each column of ¥ are not all
equal is to prevent the degenerate case that entries of F'¥ might
become a deterministic quantity. For example, when entries of
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arow F; are all equal \ﬁ, Sij = ﬁ Z,{,V:l U, ;, which is a
deterministic quantity, not a random variable. Note that these
conditions are not needed when R is the local randomizer.

If F is a DCT matrix, a (normalized) WHT matrix or a (nor-
malized) DFT matrix, all the rows (except for the first one) have
zero sum of entries due to the symmetry in these matrices. The
first row, whose entries are all equal \ﬁ can be considered
as the averaging row, or a lowpass filtering operation. When
the input signal is zero-mean, this row might be chosen or not
without affecting quality of the reconstructed signal. Otherwise,
it should be included in the chosen row set to encode the signal’s
mean. Last, the condition that absolute average sum of every

column of the sparsifying basis ¥ are on the order of o (\/—lﬁ)

is also close to the reality because the majority of columns of
the sparsifying basis ¥ can be roughly viewed as bandpass and
highpass filters whose sum of the coefficients are always zero.
For example, if ¥ is a wavelet basis (with at least one vanishing
moment), then all columns of ¥ (except one at DC) has column
sum of zero.

The aforementioned theorems show that under certain con-
ditions, the majority of entries of A¥ (also ®W¥) behave like
Gaussian random variables N (0,0?), where 02 < O (3).
Roughly speaking, this behavior constitutes to a good sensing
performance for the proposed framework. However, these
asymptotic results are not sufficient for establishing sensing
performance analysis because in general, entries of AW are not
stochastically independent, violating a condition of a sensing
Gaussian i.i.d. matrix. In fact, the sensing performance might
be quantitatively analyzed by employing a powerful analysis
framework of a random subset of rows of an orthonormal
matrix [14]. Note that A is also an orthonormal matrix when R
is the local or the global randomizer.

Based on the Gaussian tail probability and a union bound
for the maximum absolute value of a random sequence, the
maximum absolute magnitude of A¥ can be asymptotically
bounded as follows:

t2
2
P (1<max |Sij] > t) < 2N*exp <_ﬁ>

where 02 < % and c is some positive constant and < stands for
“asymptotically smaller or equal,” i.e., when IV goes to infinity,
< becomes <.

2¢ log(¥)

If we choose t = N

equivalent to:

, the above inequality is

log2(N/6)2
P( max |S;;| < clog 20N/8)* )El—é
1<i,j<N N

which implies that with probability at least 1 — 6, the mutual

ol X
coherence of A and ¥ is upper bounded by O ( lals) g](\75 )

which is close to the optimal bound, except the log IV factor.

In the following section, we will employ a more powerful
tool from the theory of concentration inequalities to analyze the
coherence between A = FR and ¥ when N is finite. We also
consider a more general case that F' is a sparse matrix (e.g., a
block-diagonal matrix).
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B. Incoherence Analysis

Before presenting theoretical results for incoherence analysis,
we introduce assumptions for block-based local and global ran-
domization models.

1) Assumptions for the Block-Based Local Randomization
Model:

e Fisan N x N unit-norm row matrix with the maximal

absolute magnitude of entries on the order of O ﬁ ,
where 1 S B S N, i.e., maxi<i j<nN |FL]| \/—, where

¢ is some positive constant.

e Wisan N X N unit-norm column matrix.

2) Assumptions for the Block-Based Global Randomization
Model: The block-based global randomization model requires
similar assumptions for the block-based local randomization
model plus the following assumption:

* All rows of F' have zero sum of entries.

Theorem I11.3: Let A = FR, where R is the local random-
izer. Given the assumptions for the block-based local random-
ization model, then

» With probability at least 1 — §, the mutual coherence of A

log(%)

and W is upper bounded by O < B

 In addition, if the maximal absolute magnitude of entries

of W is on the order of O (ﬁ

og( X
upper bounded by O ( #), which is independent

of B.

Proof: A common proof strategy for this theorem as well
as for other theorems in this paper is to establish a large devi-
ation inequality that implies the quantity of our interest is con-
centrated around its expected value with high probability. Proof
steps include:

* Showing that the quantity of our interest is a sum of inde-
pendent random variables;

* Bounding the expectation and variance of the quantity;

* Applying a relevant concentration inequality of a sum of
random variables;

¢ Applying a union bound for the maximum absolute value
of a random sequence.

In this case, the quantity of interest is

Sij = (A4, ¥;) = Z Fir Wi R

kEsupp(F7 )

, the mutual coherence is

Denote Zy, = Fix VR, for k € supp(F;) (in the support
set of the row F;). Because Ry are i.i.d. Bernoulli random
variables, Zj, are also i.i.d. random variables with F(Z}) = 0.
7, are also bounded because Z, = £F;;, ¥y;.

S;; is a sum of independent, bounded random variables. Ap-
plying the Hoeffding’s inequality (see Appendix B) yields:

t2
PI‘(|SLJ|Zt)S2eXp( 2 7,2 )
2 Zkesupp(f ) F \Ij
The next step is to evaluate o2 = D kesupp(f,) FLkW]k Here,

o2 can be roughly viewed as the approximation of the variance
of S;;.

C
o’ < 2 Z \I’k] < n1a§N|Ft-j|2 =g
kesupp(F;)

(14)

max |F;
1<i,j<N
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If the maximal absolute magnitude of entries of ¥ is on the

1
order of O (W

v, =
3% Vil =

C
VN
where c is some positive constant, then
Ak F2 < max |T)% =
ij ik 1<, ij
1<k<N

o2 < max

1<i, N

15)

Finally, we derive an upper bound of the mutual coherence

p = maxi<; j<n |Sij| by taking a union bound for the max-
imum absolute value of a random sequence:

2
H 2
P <1<12?,§N|Sij| Zt) < 2N?exp <2 2)

Substituting ¢ = 202 log (%

yields

) into the above inequality

P ( max |S;;| < /202 log(2N2/6)> >1-4.
1<i,j<N

Thus, with an arbitrarily ¥, (14) holds and we achieve the
first claim of the Theorem

2clog(2N?/6
P ( max |S;;| < M) >1-6.
1<i,j<N B

In the case that (15) holds, we achieve the second claim of
the Theorem

2clog(2N2/6
P( max |S;;| < M) >1-04.
1<i,j<N N

O
Remark I11.1: When A is chosen as the DCT or the normal-
ized WHT, the maximal absolute magnitude of entries is on
1
the order of O (W

and an arbitrary W is upper bounded by O <

). As a result, the mutual coherence of A
log( & .

# , which
is also consistent with our asymptotic analysis above. In other

words, when at least ® or W is a dense and uniform matrix, i.e.,
the maximal absolute magnitude of their entries is on the order

of O

bound, except for the log N factor. In general, the mutual coher-
ence between an arbitrary ¥ and a sparse matrix A (e.g. block

) their mutual coherence approaches the minimal

diagonal matrix of block size B) might be % times larger.
Cumulative coherence is another way to quantify incoherence
between two matrices [21].
Definition I11.1: The cumulative coherence of an N x N ma-
trix A and an N x K matrix B is defined as

)= [ 5 (47 )

1<G<K
where A; and B; are rows of A and columns of B, respectively.

The cumulative coherence pu.(A, B) measures the average
incoherence between two matrices A and B while mutual co-
herence 1.(A, B) measures the entry-wise incoherence. As a re-
sult, the cumulative coherence seems to be a better indicator of
average sensing performance. In many cases, we are only inter-
ested in cumulative coherence between A and ¥, where 1" is
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the support of the transform coefficient vector. As will be shown
in the following section, the cumulative coherence provides a
more powerful tool to obtain a tighter bound for the number of
measurements required for exact recovery.

From the definition of cumulative coherence, it is easy to
verify that yu. < v/ Kp. If we directly apply the result of the
Theorem II1.3, we obtain a trivial bound of the cumulative co-

herence: pu. = O V%) for an arbitrary basis ¥ and

e = O \/LN{%N for a dense and uniform W. In fact, we

can get rid of the factor log IV by directly measuring the cumu-
lative coherence from its definition.

Theorem I11.4: Let A = FR, where R is the local random-
izer. Given the assumptions for the block-based local random-
ization model, with probability at least 1 — §, the cumulative
coherence of A and W7, where |7| = K, is upper bounded by

2e max (VK 4y/log (2) ).
Proof: Denote U = ¥ and Uy, are columns of U. Let A;
and ¥; (5 € T) be rows of A and columns of ¥, respectively.

S; = /Z(Ai,\Ile:HAiT‘IlTHZZ Z Ry FixUy
jeT kesupp(F;) 2

Denote V, = F;, U}, and V is the matrix of columns V', k €
supp(F';). First, we derive the upper bound for the Frobenius
norm of V'

2
K
VIE < | Jnax FHIUNE = —-

The last equation holds because ||U||% = K. Also, the bound
for the spectral norm is

2
VIE= sw 37 B, V)l
1BI12=1 e supp(F:)
2
K
= Sup Z F12k ZBjUkj
I18112= k€supp(F) Jj=1
< max F? sup |<,B~,Uk>|2
1<ij<N 9 18ll2=1 1 S5 v
¢? ?
<ZIi =%

The last equation holds because ||U||3 = 1. Now, we have

S; = Z Ry FirUg|| = Z RV,
kesupp(F;) 2 kesupp(F;) 9
Denote Z = 3, ccnp(F:) BrrVi. Note that Z is a
Rademacher sum of vectors and S; = ||Z|| is a random vari-

able. To show that S; is concentrated around its expectation,
we first derive bound of E(||Z]|2). It is easy to verify that for a
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random variable X, E(X) < /FE(X?2). Thus, we will derive
the upper bound for the simpler quantity E(||Z]|3)

E(|Z|35) =E(Z*2)= Y, E(RuRu)(V, V)
k,l€supp(F;)
K
= Y VeV=IVIE= S

kesupp(F;)

The third equality holds because Ry are i.i.d. Bernoulli
random variables and thus, F( Ry, Ry;) = 0 VEk # [. As aresult

K

B(S) = B(12]1) < ¢\ 5

Applying Ledoux’s concentration inequality of the norm of a
Rademacher sum of vectors [22] (see Appendix B) and noting
that ||V]|3 can be viewed as the variance of S; yield

K B
;> = +t] < 2
Pr(Sl_c B-i—f)_Zexp( t 1602>

Finally, applying a union bound for the maximum absolute
value of a random process, we obtain
B
16¢2 ) °

K
Pr ( max S; > c\/ — +t> < 2N exp <—t2
1<i<N B
X) into the above inequality, we

Substituting ¢ = \F log (&
get

pr<max 52 (r+4\/W))

1<i<N

which leads to

(%v 5> ﬁmax (VE. 4JW))

O

Remark II1.2: When K > 16log(ZY), the cumula-

tive coherence is upper bounded by O (1 / %) When
K < 16log (%), the upper bound of the cumulative co-

log(%)
B

mutual coherence in Theorem II1.3.
Remark I11.3: When F is the DCT or the normalized WHT,
the maximum absolute magnitude of entries is on the order of

o)
arbitrary W1 ,where |7| = K, is upper bounded by O (1 / N)

if K > 16log (2Y).

Remark II1.4: The above theorem represents the worst-case
analysis because ¥ can be an arbitrary matrix (the worst case
corresponds to the case when ¥ is the identity matrix). When
W is known to be dense and uniform, the upper bound of cumu-
lative coherence, according to Theorem III.3 and the fact that

fhe < u\/f, is O <\ / w> , which is, in general, better than

o( g).

herence is O ), which is similar to that of the

As a result, the cumulative coherence of A and any
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The asymptotical distribution analysis in Section III-A
reveals a significant technical difference required for two ran-
domization models. With the local randomizer, entries of AW
are sums of independent random variables while with the global
randomizer, they are sums of dependent random variables. Sto-
chastic dependence among random variables makes it much
harder to set up similar arguments of their sum’s concentration.
In this case, we will show that the incoherence of A and ¥
might depend on an extra quantity, the heterogeneity coefficient
of the matrix W.

Definition I11.2: Assume W is an N x N matrix. Let 7; be
the support of the column ¥,. Define:

HlaXlgigN |\I/ki|

1 2
[7e] et Vi

Pr = (16)

The column-wise heterogeneity coefficient of the matrix ¥ is
defined as

pw = Max pg. a7

1<k<N

Obviously, 1 < pr < /|7k|. Also, py illustrates the dif-
ference between the largest entry’s magnitude and the average
energy of nonzero entries. Roughly speaking, it indicates hetero-
geneity of nonzero entries of the vector ¥.. If nonzero entries of
a column ¥, are homogeneous, i.e. they are on the same order
of magnitude, py, is on the order of a constant. If all nonzero en-
tries of a matrix are homogeneous, the heterogeneity coefficient
is also on the order of a constant, Cy = O(1) and ¥ is referred
as a uniform matrix. Note that a uniform matrix is not neces-
sarily dense, for example, a block-diagonal matrix of DCT or
WHT blocks.

The following theorem indicates that when the global ran-
domizer is employed, the mutual coherence between A and ¥

oa( X
% , where B is the block

size of ® and W is an arbitrarily matrix with the heterogeneity
coefficient py.

Theorem II1.5: Let A = FR, where R is the global ran-
domizer. Assume that py, > 4log % Vk € {1,2,...,N},
where py, is defined as in (16). Given the assumptions for the
block-based global randomization model, then

» With probability at least 1 — §, the mutual coherence of A

and W is upper-bounded by O <pq, IOggT) ) , where pg

is defined as in (17)
e In addition, if ¥ is dense and uniform, i.e., the max-
imum absolute magnitude of its entries is on the order of
1
o ()

og( X
upper-bounded by O < : g](v“ )>, which is independent
of B.

Proof: Let [wy,wa,. .., wy] be a uniformly random per-

mutation of [1,2,. .. ,N] and

is upper-bounded by O (pq,

and B > 4log ( %), the mutual coherence is

Sy = (AT 9;) = f:F,;wk\Ifjk.
k=1
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As in the proof of the Theorem III.2, {Wk}iv:1 can be viewed
as a sequence of dependent random variables with identical dis-
tribution, i.e. for a fixed k € {1,2,...,N}:

) 1 .
Plw, =1) = N i€ {1,2,...,N}.

The condition of F is equivalent to max;<; j<n |Fij| = ﬁ,

where c is some positive constant. Define {qx., },?;1 as follows:

v/ B|Ts .
Qkw), = { | kIFiwk\Iljk +% lf\I’jk ;é 0

2cpw .
if \I/jk =0.

It is easy to verify that 0 < g, < 1. Define W, as the sum
of dependent random variables gy,

. VBT + |7
k k
Wi = Z(]kwk = e ZFiwk\I/jk + >
k=1 k=1
_ VBTG | [l
2cpw I 2

Note that {ka}i\;l are zero-mean random variables be-
cause F; has zero sum of entries. Thus, E(S;;) = 0 and
EWy) = @ Then, applying the Sourav’s theorem of con-
centration inequality for a sum of dependent random variables
[23] (see Appendix B) results in

v/ B| 7| €2
pl VP g s Lo < ).
{ 2¢pw [Sisl 2 € 0 < 2exp 2|75 | + 2¢

2cpy

v/ BTkl
PH&ﬂzﬂﬁ2wp<

Denote t = €. The above inequality is equivalent to
B|Ty| t2

4c2p} 2| T,| + C’%‘I’\/B|Tk|> '

By choosing ¢t = 4cpy % log (zjgrz

—4|T;|log (%)

2| 75| + 44/| 75| log (222)

). we achieve

P{|Si;| > t} < 2exp

If |7;| > 4log (%), the denominator inside the exponent
is smaller than 4|7|. Thus

1 2N?2 2N?
P{|Sij| >2cpw B log<T> } < Zexp(—log<7>>

6
N2
Finally, after taking the union bound for the maximum abso-
lute value of a random sequence and simplifying the inequality,
we obtain the first claim of the Theorem:

If ¥ is known
maxi<ij<n [¥i;| =

to be
Vo
constant. We then define {qy.,, },_, as the following:

dense and uniform, i.e.,
where ¢; is some positive

Qkw), = { @sz\yﬂdk + % if Fik 7£ 0
| if Fjp = 0.
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Note that 0 < gpy,, < 1and E(qpre, ) = % Repeat the same
arguments above, we have

NB t?
P S, Z t g 2ex - .

% log (QTN‘)) produces

—4Blog (2{;7—2)

2B + 4,/ Blog (&%)

If B > 4log (%) the denominator inside the exponent is
smaller than 4B8. Thus,

1 2N?2 )
P{|5w’| > 2ccy Nlog (T)} < N

After taking the union bound of the maximum absolute value
of a random sequence, we achieve the second claim of the
Theorem. O

Remark II1.5: The first part of theorem implies that when F is
adense and uniform matrix (e.g., DCT or normalized WHT) and
W is a uniform matrix (not necessarily dense), the mutual coher-
log( % )

N

Substituting ¢ = 4ccy

P{[Sij| > t} < 2exp

ence closely approaches the minimum bound O <

Although in this theorem, the mutual coherence depends on
the heterogeneity coefficient, one will see in the experimental
Section V that this dependence is almost negligible in practice.

As a consequence of this theorem, when at least A or ¥ is
dense and uniform, the mutual coherence of A and W is roughly

in the order of O IOJgVN ) , which is quite close to the minimal
bound —=, except for the log NV factor. Otherwise, the coher-

U
ence linearly depends on the block size B of F' and is in the

order of O %) . As a matter of fact, this bound is almost

optimal because when W is the identity matrix, the mutual co-
herence is actually equal to the maximum absolute magnitude
of entries of A, which is in the order of O (%)

Remark I11.6: Although the theoretical results of the global
randomizer seem to be weaker than those of the local random-
izer, there are a few practical motivations to study the global ran-
domizer. Note that speech scrambling has been used for a long
time for secure voice communication. Also, analog image/video
scrambling have been implemented for commercial security re-
lated applications such as CCTV surveillance system. In ad-
dition, permutation does not change the dynamic range of the
sensing signal, i.e. no bit expansion in actual implementation.
The computation cost of random permutation is only O(N),
which is very easy to implement in software. From a security
perspective, the operation of random permutation offers a larger
key space than random sign flipping as the former offers V!
configurations while the latter provides only 2% configurations.
Moreover, as shown in the numerical experiment section, one
can employ highly sparse measurement matrix with random per-
mutation without substantial performance degradation.

IV. COMPRESSIVE SAMPLING PERFORMANCE ANALYSIS

Section III demonstrates that under some mild conditions, the
matrix A and ¥ are highly incoherent, implying that the ma-
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trix AW is almost dense. When AW is dense, energy of nonzero
transform coefficients ar is distributed over all measurements.
Commonly speaking, this is good for signal recovery from a
small subset of measurements because if energy of some trans-
form coefficients were concentrated in few measurements that
happens to be bypassed in the sampling process, there is no
hope for exact signal recovery even when the most sophisticated
reconstruction method is employed. This section shows that a
random subset of rows of the matrix A = F'R yields almost op-
timal measurement matrix ® for compressive sensing.

A. Assumptions for Performance Analysis

A signal z is assumed to be sparse in some sparsifying basis
W : 2 = Wa, where the vector of transform coefficients a has
no more than K nonzero entries. The sign sequence of nonzero
transform coefficients a7 which is denoted as 2z, is assumed to
be a random vector of i.i.d. Bernoulli random variables (i.e.,
Pz = £1) = %). Let y = ®2 be the measurement vector,

where & = \/%DFR is a Structurally Random Matrix. As-
sumptions of the block-based local randomization and of the
block-based global randomization models hold.

B. Theoretical Results

Theorem IV.1: With probability at least 1 — ¢, the proposed
sensing framework can recover K -sparse signals exactly if the
number of measurements M > O (%Klog2 (%)) If Fisa
dense and uniform rather than block-diagonal (e.g., DCT or nor-
malized WHT matrix), the number of measurements needed is
on the order of O (K log? (%))

Proof: This is a simple corollary of the theorem of Candes
et al. [[14] Theorem 1.1] (1) because (i) A = FR is an or-
thonormal matrix, and (ii) our incoherence results between A
and ¥ in Theorem II1.3 and Theorem IIL.5. O

Remark IV.1: If ¥ is dense and uniform, the number of mea-
surements for exact recovery is always O (K log” (&) regard-
less of the block size B. This implies that we can use the iden-
tity matrix for the transform F' (B = 1). For example, when
the input signal is known to be spectrally sparse, compressively
sampling it in the time domain is as efficient as in any other
transform domain.

Compared with the framework that uses random projection,
there is an extra scale factor of log IV for the number of mea-
surements for exact recovery. In fact, by employing the bound
of cumulative coherence, we can eliminate this upscale factor
and thus, successfully showing optimal performance guarantee.

Theorem IV.2: With probability at least 1 — 4, the proposed
framework employing the local randomizer can reconstruct
K-sparse signals exactly if the number of measurements
M > O (ZKlog (%)) and M > O (Elog® (¥)). If Fis
a dense and uniform matrix (e.g., DCT or normalized WHT),
the sufficient condition becomes M > O (K log (%)) and
M > 0 (log* (%)),

Proof: The proof is based on the result of cumulative co-
herence in the Theorem II1.4 and a modification of the proof of
the compressed sensing framework in [14].

Denote U = 1/%FR\II, Ur = 1/%FR\IIT, Uqg =
\/EDFRY, and Uoyr = /& DFRU;, where the
support Q@ = {k|Dyp = 1,k = 1,2,...,N}. Let

v, k € {1,2,...,N}, be columns of UZX. Denote
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e = maxi<ip<n ||[Villy, where . = (A, ¥7) is the cumu-
%FR and W7. According to the

above incoherence analysis, p. < O (1 / %) Also, denote 1
N log N
BM

As indicated in [12] and [14], to show exact recovery via [q
minimization, it is sufficient to verify the Exact Recovery Prin-
ciple.

Exact Recovery Principle: With high probability, |r;| < 1
for all k € 7¢, where 7 ¢ is the complementary set of the set 7°
andm = U Uqr (UBTUQT)_IZ, where z is the sign vector of
nonzero transform coefficients a7 .

Note that 7, = (v(U;Uqr) ", 2), where vy, is the k"
row of UUq7, for some k € T¢. To establish the Exact Re-
covery Principle, we will first derive the following lemmas. The
first lemma is to bound the norm of vy,.

Lemma IV.1: (Bound the norm of v;) With high probability,
||[vk|| is on the order of O(u.)

lative coherence of A =

as the mutual coherence of A and ¥, < O

P (|[vk]] > pe + a7) < 3exp(—ya?)

where @, «, and a are some certain numbers.
Proof: Let Uy, be columns of U. For k € T¢

N N
v = % Z D;;Uipv; = Z <D17 - %) Uirvi
i=1

i=1

where the second equality holds because Zf;l Upv, =
U5 U, = 0 that results from the orthogonality of columns of
U.Let Z; = (Dn‘ — %) Since D;; are i.i.d. binary random
variables with P(D;; = 1) = 2L, Z, are zero mean i.i.d.
random variables and E(Z?) = 4L (1— 2. Let H be the
matrix of columns h; = U;v;, ¢ € {1,2,..., N}. Then, v
can be viewed as a random weighted sum of column vectors h;

LN
=—> Zh
W

and ||v|| is a random variable. We have

E(lwil?) = > E(ZZ)(Wi.hy)
1<i,j<N
= Y E(Z) W]
1<i<N

where the last equality holds due to E(Z;Z;) = 0if ¢ # j. Thus
M M
2\ _ 2 11,0112
F ) = (1- 5 ) 5 vilwd
1<i<N

M MY, )
_N <1_N>N’(- Z ULk<N’('
1<i<N
where the last inequality holds due to ||[U||* = £%. This implies

that E(||vk|]) < pe. To show that ||vg|| is concentrated around
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its mean, we use the Talagrand’s theorem of concentration in-
equality [24]. First, let us establish

= supz % 1B, :)

8ll=13=1

N
|H||3 = S Z|<B,hi>|

N
<p® sup Y [(Bvi)]> = 2 |Ur|; = —u’
18ll= 12 M

where the last equation holds because ||Ur ||§ = % Hence, we

then can derive the upper bound of the variance o
M M\ N

P=E(ZH)H|5< = (1 -5 | =p? < p?

a (E) 1H|5 < ~ ) s

N
In addition, it is obvious that | Z;| < 1 and thus

B= 1r<r18LX ||h ||2 < Wfbe-

The Talagrand’s theorem [24] (see Appendix B) shows that

E (lwell) = )

—t
<3e —log (1
< exp<cB og,( +

P(llvill -
Bt

)

where ¢ is some positive constant. Replacing E(||vk]|), o2, and
B by their upper bounds in the right-hand side (RHS), we obtain

—t /jflflct
log| 1+ —— ).
Clbfbe g( + w? + pp? >>

The next step is to simplify the RHS of the above inequality
by replacing the denominator inside the log by two times the
dominant term and note that log(1 + ) > § whenz < 1.1In
particular, there are two cases to consider:

s Case 1: uu? > p? or equivalently, u? > u, denote 72 =

pp? and t = ao. If ppct < 2up? or equivalently, a <

()’
I ?

then P (||vi|| —

P(Huku—E(nukn)Zt)gaexp(

E([[vell) > 1) < 3exp(—ya?)
o Case 2: 2 > pp?, denote 3> = p? and t = a7. If
ppet < 2u? or equivalently, a < /%

P (lwell = E (lwell) > t) < 3exp(—ya?).
where v is some positive constant.

In conclusion, let & = y/max(pup2, p
min(-%, %)

e’ Vi
P (Jal] 2 pe +a7) < Bexp(—a?)

2). Then, for any a <

(18)

where 7y is some positive constant. O
The second lemma is to bound the spectral norm of
UorUar.
Lemma IV.2: (Bound the spectral norm of U¢,;.Uqr) With
high probability, |[Ug,7Uar|l > 1
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Proof: In [14, Theorem 1.2] it shows that with probability
> Lif M > p? max (c1 log K, c2log (2)),
where c; and ¢y are some known positive constants. O
And the third lemma is to bound the norm of w;, =
vi(UorUqar)™"
Lemma IV.3: (Bound the norm of w;, = Vk(U?)TUQT)_l)
With high probability, ||wy|| is on the order of O(u..)

P (p well > 2pc + zaa) < 3N exp(—a?)
keTc

i 1
P (uUmUmn < 5) 19)

where a, v and 7 are defined as in the proof of the LemmaIV.1.
Proof: Let A be the event that {||Ug7Uqr| > 3} or

equivalently, {||(Uo7Uqr) 1| < 2} and B be the event that
{suprez- |[¥k|| < pe + av}. Note that

-1
sup [l < || Uar) || sup il
keTe keTe

Thus
P (Sup llwe]| > 2p. + 2a6> < P(ANB) < P(A)+P(B).
keTe

Note that P(B) < 3N exp(—va?) implies (19) holds. O

To establish the Exact Recovery Principle, we will show that
supgcre |(wk, 2)| < 1 with high probability. Note that because
z is assumed to be a vector of i.i.d. Bernoulli random variables,
|{w,, 2)] is concentrated around its zero mean. In particular, ac-
cording to the Hoeffding’s inequality

A7)
2wl /-

1
P (fwy. 2)[ > 1] sup fel] <A ) <2Nesp( — L)
keTe 2)2

P<|<wk,z>|zl>s2exp<—

Note that with two arbitrary probabilistic events .A and B
= P(A|B)P(B) + P(A|B)P(B) < P(A|B) + P(B).

Now, let A be the event {supyc7- |(wy, 2)| > 1} and B be the
event {supycr. |[wel| < A}, we derive

1
P >1)<2Ne -
(g ez 1) <2000 (- 35)

+P <Sup Jw]| > /\> (20)

P(A)

Let A = 2u. + 2a0. According to (19) and (20), the probability
of our interest P(supyc7- |(wk, 2)| > 1) is upper bounded by

)+2Nexp< i2> + 6.

To show that {sup,cr. |[(wk, 2)| < 1} with probability 1 —
O(8), it is sufficient to show that the above upper bound is not
greater than 36. In particular, when a® = v~ ! log (2X), the first
term is equal to 0.

To make the second term less than 6, it is required that

1 1 2N
e =05

3N exp(—v

21
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e Case 1: ug > p. The condition that (18) holds is a <
l
2 (%) * which is equivalent to:
1
1> 2977 log”(3N/6).

1
2

It is easy to see that y. > a, where & = (uu?)?. In this
case, A < 4p.. Thus, (21) holds if
2N

1> 3242 log (T) ) (22)

e Case2: pu > ug. The condition that (18) holds is a < /%
or equivalently

1> 1y log(3N/6)

If po > ao, where @ = pu, A < 4pu. and the condition
is again the same as in (22). Otherwise, A < 4a@. In this
case, (21) holds if
2N
5 )

In conclusion, the Exact Recovery Principle is verified if
these two conditions are satisfied: (i) 1 > c¢qpu? lo,g2 (%)
and (i) 1 > cops log( )) where c¢; and ¢y are known
positive constants. From Theorem II1.3, with probability 1 — 4,
/ﬂ < O (BM log( )) Thus, the first condition is met if
M >0 (N log ( )) For the second condition, we consider
two cases:

K > 16log (T]\) From Remark III.2, with probability
1-6,u2<0 (Aﬁ %) , implying that the second condition
ismetif M > O (5K log (£)).

« K < 16log (2¥): Also from Remark II1.2, with proba-
bility 1 — 6, p2 < O (F5log (¥ )) Hence, the second
condition is met if M > O (% log® ( T))

In conclusion, M > O(EKlog (X)) and M >

1>32971 210g<

O (Elog® (§)) are the sufficient conditions for exact re-
covery. When F is dense and uniform, these conditions become
MZO(Klog(%)) andM20(10g3 (%)) O

V. NUMERICAL EXPERIMENTS

A. Simulation With Sparse Signals

In this section, we evaluate the sensing performance of sev-
eral structurally random matrices and compare it with that of
the completely random projection. We also explore the connec-
tion among sensing performance (probability of exact recovery),
streaming capacity (block size of F') and structure of the spar-
sifying basis ¥ (e.g., sparsity and heterogeneity).

In the first simulation, the input signal & of length N = 256
is sparse in the DCT domain, i.e., £ = Wa, where the spar-
sifying basis ¥ is the 256 x 256 IDCT matrix. Its transform
coefficient vector @ has K nonzero entries whose magnitudes
are Gaussian distributed and locations are at uniformly random,
where K € {10, 20, 30, 40, 50, 60}. With the signal &, we gen-
erate a measurement vector of length M = 128: y = Pz,
where ® is either a structurally random matrix or a completely
Gaussian random matrix. SRMs under consideration are sum-
marized in Table 1.
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TABLE 1
SRMS EMPLOYED IN THE EXPERIMENT WITH SPARSE SIGNALS
Notation R F
WHT64-L | Local randomizer 64 x 64 block diagonal WHT
WHT64-G | Global randomizer | 64 x 64 block diagonal WHT
WHT256-L | Local randomizer | 256 x 256 block diagonal WHT
WHT256-G | Global randomizer | 256 x 256 block diagonal WHT

The software [;-magic [1] is employed to recover the
signal from its measurements y. For each value of sparsity
K € {10,20,30,40,50,60}, we repeat the experiment 500
times and count the probability of exact recovery. The per-
formance curve is plotted in Fig. 2(a). Numerical values on
the x axis denote signal sparsity K while those on the y axis
denote the probability of exact recovery. We then repeat similar
experiments when the input signal is sparse in some sparse
and nonuniform basis W. Fig. 2(b) and Fig. 2(c) illustrate the
performance curves when ¥ is the Daubechies-8 wavelet basis
and the identity matrix, respectively.

There are a few notable observations from these experimental
results. First, the SRM performance with the dense transform
matrix F' (all of its entries are nonzero) is on average compa-
rable to that of the completely random matrix. Second, the SRM
performance with the sparse transform matrix F', however, de-
pends on the sparsifying basis ¥ of the signal. In particular, if ¥
is dense, the SRM with sparse F' also has average performance
comparable with that of the fully random matrix. On the other
hand, if W is sparse, the SRM with sparse F' often has worse per-
formance the SRM with dense F', revealing a trade-off between
sensing performance and streaming capacity. These numerical
results are consistent with the theoretical analysis above. In ad-
dition, Fig. 2(b) shows that for SRMs, the global randomizer
seems to work much better than the local randomizer when the
sparsifying basis ¥ of the signal is sparse itself.

B. Simulation With Compressible Signals

In this simulation, signals of interest are natural images of size
512 x 512, including Lena, Barbara and Boat images. The spar-
sifying basis ¥ used for these natural images is the well-known
Daubechies 9/7 wavelet transform. All images are implicitly re-
garded as 1-D signals of length 5122. The GPSR software in [3]
is used for signal reconstruction.

For such a large scale simulation, it takes a huge amount of
system resources to implement the sensing method of a com-
pletely random matrix. Thus, for the purpose of benchmarking,
we adopt a more practical scheme of partial FFT in the wavelet
domain (WPFFT). The WPFFT is to sense wavelet coefficients
in the wavelet domain using the method of partial FFT. Theoret-
ically, WPFFT has optimal performance as the Fourier matrix is
completely incoherent with the identity matrix. The WPFFT is
a method of sensing a signal in the transform domain that also
requires substantial amount of system resources. SRMs under
consideration are summarized in Table II.

For the purpose of comparison, we also implement two pop-
ular sensing methods: partial FFT in the time domain (PFFT)[1]
and the Scrambled/Permutted FFT (SFFT) in [25], [26] that is
equivalent to the dense SRM using the combination of FFT and
the global randomizer.
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Fig. 2. Performance curves: probability of exact recovery versus Sparsity /'
(a) when ¥ is IDCT basis; (b) when ¥ is Daubechies-8 wavlet basis; (c) when
¥ is the identity basis.

The performance curves of these sensing ensembles are
plotted in Fig. 3(a), (b), and (c), which correspond to the input
signal Lena, Barbara, and Boat images, respectively. Numerical
value on the z axis represents sampling rate, which is the
number of measurements over the total number of samples.
Values on the y axis depicts the quality of reconstruction (PSNR
in dB). Lastly, Fig. 4 shows the visually reconstructed 512 x
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TABLE II
SRMS EMPLOYED IN THE EXPERIMENT WITH COMPRESSIBLE SIGNALS
Notation R F
DCT32-G | Global randomizer 32 x 32 block diagonal DCT
WHT32-G | Global randomizer | 32 x 32 block diagonal WHT
DCT512-L | Local randomizer | 512 x 512 block diagonal DCT
WHT512-L | Local randomizer | 512 x 512 block diagonal WHT

R-D performance

512 Boat image from 35% of measurements using WPFFT,
WHT32-G, and WHT512-L ensembles.

As clearly seen in Fig. 3, the PFFT is not an efficient sensing
matrix for smooth signals like images because the Fourier ma-
trix and wavelet basis are highly coherent. On the other hand,
the SRM method, which can roughly be viewed as the PFFT
preceded by the prerandomization process, is very efficient.
In particular, with a dense SRM like the SFFT, the perfor-
mance difference between the SRM method and the benchmark
one, WPFFT, is less than 1 dB. In addition, performance of
DCT512-L and WHTS512-L that are fully streaming capable
SRM, degrades about 1.5 dB, which is a reasonable sacrifice
as the buffer size required is less than 0.2% of the total length
of the original signal. Less degradation is obtainable when the
buffer size is increased. Also, in all cases, there is no observ-
able difference of performance between DCT and normalized
WHT transforms. It implies that orthonormal matrices whose
entries have the same order of absolute magnitude generate
comparable performance. In addition, highly sparse SRM using
the global randomizer such as DCT32-G and WHT32-G has
experimental performance comparable to that of the dense
SRMs. Note that these SRMs are highly sparse because their
density is only 2713, This observation again verifies that SRM
with the global randomizer outperforms SRM with the local
randomizer. This might indicate that our theoretical analysis for
the global randomizer is inadequate. In practice, we believe that
the global randomizer always works as well as or even better
than the local randomizer. We leave the theoretical justification
of this observation to our future research.

VI. DISCUSSION AND CONCLUSION

A. Complexity Discussions

We compare the computation and memory complexity be-
tween the proposed SRM and other random sensing matrices
such as Gaussian or Bernoulli i.i.d. matrices. In implemen-
tation, the i.i.d. Bernoulli matrix is obviously preferred than
ii.d. Gaussian one as the former has integer entries {1, —1}
and requires only 1 bit to represent each entry. An M x N
ii.d. Bernoulli sensing matrix requires M N bits for storing
the matrix and M N additions and multiplications for sensing
operation. An M x N SRM only requires 2N + N log N bits
for storage and N + N log N additions and multiplications for
sensing operation. With the SRM method, the computational
complexity and memory space required is independent of the
number of measurements M. Note that with SRM, we do not
need to store matrices D, F', R explicitly. We only need to store
the diagonals of D and of R and the fast transform F', resulting
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Fig. 3. Performance curves: Quality of signal reconstruction versus sampling
rate %: (a)the 512 X 512 Lenaimage; (b) the 512 x 512 Barbara image; (c) the
512 x 512 Boat image.

in significant saving of both memory space and computational
complexity.

Computational complexity and running time of [, -minimiza-
tion based reconstruction algorithms often depend critically on
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TABLE III
PRACTICAL FEATURE COMPARISON

Features SRMs Completely Random Matrices
No. of measurements for exact recovery | O(K log N) O(KlogN)
Sensing complexity Nlog N O(KNlogN)
Reconstruction complexity at each iteration | O(N log N) O(KNlog N)
Fast computability Yes No
Block-based processing Yes No

Fig. 4. Reconstructed 512 X 512 Boat images from % = 35% sampling rate.
(a) The original Boat image; (b) using the WPFFT ensemble: 28.5 dB; (c) using
the WHT32-G ensemble: 28 dB; (d) using the WHT512-L ensemble: 27.7 dB.

whether matrix-vector multiplications Au and A” % can be com-
puted quickly and efficiently (where A = ®W) [3]. For sim-
plicity, assuming that ¥ is an identity matrix. Au = Pu re-
quires MN = O(K N log N) additions and multiplications for
arandom sensing matrix ® and O(N log N') additions and mul-
tiplications for the SRM method. This implies that at each itera-
tion, SRMs can speed up the reconstruction algorithm by at least
K folds.

Table III summarizes computational complexity and practical
advantages between SRM and random sensing.

B. Relationship With Other Related Works

When R is the local randomizer, SRM is a little reminiscent
of the so-called Fast Johnson-Lindenstrauss Transform (FJLT)
[27]. However, SRM employs a simpler matrix D. In FJLT, this
matrix D is a completely random matrix with sparse distribu-
tion. It is unknown if there exists an efficient implementation of
such a sparse random matrix. SRM is relevant for practical ap-
plications because of its high performance and fast computation.

In [25], [26], the Scrambled/Permuted FFT is experimentally
proposed as a heuristic low-complexity sensing method that is
efficient for sensing a large signal. To the best of our knowl-
edge, however, there has not been any theoretical analysis of

the Scrambled FFT. SRM is a generalized framework in which
the Scrambled FFT is just a specific case, and thus verifying the
theoretical validity of the Scrambled FFT.

Random Convolution convolving the input signal with a
random pulse followed by randomly subsampling measure-
ments is proposed in [19] as a promising sensing method
for practical applications. Although there are a few other
methods that exploit the same idea of convolving a signal
with a random pulse, for examples: Random Filter in [17] and
Toeplitz structured sensing matrix in [18], only the Random
Convolution method can be shown to approach optimal sensing
performance. While sensing methods such as Random Filter
and Toeplitz-based CS methods subsample measurements
structurally, the Random Convolution method subsamples
measurements in a random fashion, a technique that is also em-
ployed in SRM. In addition, the Random Convolution method
introduces randomness into the Fourier domain by randomizing
phases of Fourier coefficients. These two techniques decouple
stochastic dependence among measurements and thus, giving
the Random Convolution method a higher performance.

SRM is distinct from all aforementioned methods, including
Random Convolution. A key difference is that SRM preran-
domizes a sensing signal directly in its original domain (via the
global randomizer or the local randomizer) while the Random
Convolution method prerandomizes a sensing signal in the
Fourier domain. SRM also extends the Random Convolution
method by showing that not only Fourier transform but also
other popular fast transforms, such as DCT or WHT, can
be employed to achieve similarly high sensing performance.
In conclusion, among existing sensing methods, the SRM
framework presents an alternative approach to design high
performance, low-complexity sensing matrices with practical
and flexible features.

APPENDIX A

Central Limit Theorem: Let Z1,Zs, ..., Z N be mutually in-
dependent random variables. Assume F(Z;) = 0 and denote
o? = YN, Var(Zy). If for a given € > 0 and N sufficiently
large, the following inequalities hold:

Var(Zy) < eo? k=1,2,...,N
then distribution of the normalized sum S = Zi\[:l Zy con-
verges to N'(0,0?)

Combinatorial Central Limit Theorem: Given two sequences
{ak},lc\r:1 and {bk}fcvzl. Assume the ay, are not all equal and by,
are also not all equal. Let [wy, we, . . . ,wn] be a uniform random
permutation of [1, 2, ..., N]. Denote Z; = a,, and

N
S = Z Zibr,
k=1
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S is asymptotically normally distributed N (E£(S), Var(S)) if

. maxlngN(Zk — 7)2 maxlngN(bk — 5)2 .
lim N N — 5 — =0
N=oo Y1 (Zk — 2)? 2 k=1 (br —0)?
where

-1 8 1
b:N;bk and Z:N;Zk.

APPENDIX B
Hoeffding’s Concentration Inequality: Suppose
X1,Xo,..., Xy are independent random variables and

ar, < Xg < b (k = 1,2,...,N). Define a new random
variable S = Zi\;l X, Then for any ¢ > 0

2¢2

P(IS = E(S)| > ) < 2¢ 2aums®sw?

Ledoux’s Concentration Inequality: Let {n;}, ., be a se-
quence of independent random variables such that [r;| < 1 al-
most surely and v1, w2, . . ., vy be vectors in Banach space. De-
fine a new random variable: S = || Zf\;l n;v;||. Then for any
t>0

2
P(S>E(S)+1t) <2exp (—1é 2)
o

2 2

where o“ denote the variance of S and o =
N 2
SUpP||u|<1 dim [(u,vi)]°
Talagrand’s Concentration Inequality: Let Zj be zero-mean
i.i.d. random variables and bounded | Z;| < A and u;, be column
vectors of a matrix U. Define a new random variable: S =
I Eij\;l Zruy||. Then for any ¢ > 0

P(S2E(S)+t)<3exp <—£ log (“ﬁgm))

where ¢ is some constant, variance 02 = E(Z2)||U||> and B =
Amaxi<p<n [[ugll-

Sourav’s Concentration Inequality: Let {Z;j}, ., ;. bea
collection of numbers from [0, 1]. Let [wy,ws,...,wN] be a
uniformly random permutation of [1,2,..., N]. Define a new
random variable: S = Zfil Ziw;- Then forany t > 0

P(IS=E(S)] = t) < 2exp <—m> :

REFERENCES

[1] E. Candes, J. Romberg, and T. Tao, “Robust uncertainty principles:
Exact signal reconstruction from highly incomplete frequency infor-
mation,” IEEE Trans. Inf. Theory, vol. 52, pp. 489-509, 2006.

[2] D. L. Donoho, “Compressed sensing,” IEEE Trans. Inf. Theory, vol.
52, no. 4, pp. 1289-1306, 2006.

[3] M. A. T. Figueiredo, R. D. Nowak, and S. J. Wright, “Gradient pro-
jection for sparse reconstruction,” IEEE J. Sel. Topics Signal Process.,
vol. 1, no. 4, pp. 586-597, 2007.

153

[4] E. T.Hale, W. Yin, and Y. Zhang, “Fixed-point continuation for I-min-
imization: Methodology and convergence,” SIAM J. Opt., vol. 19, no.
3, pp. 1107-1130, 2008.

[5] E. V. D. Berg and M. P. Friedlander, “Probing the Pareto frontier

for basis pursuit solutions,” SIAM J. Sci. Comp., vol. 31, no. 2, pp.

890-912, 2008.

J. Tropp and A. Gilbert, “Signal recovery from random measurements

via orthogonal matching pursuit,” IEEE Trans. Inf. Theory, vol. 53, no.

12, pp. 46554666, Dec. 2007.

D. Needell and J. A. Tropp, “Cosamp: Iterative signal recovery from

incomplete and inaccurate samples,” Appl. Comput. Harmon. Anal.,

vol. 26, pp. 301-321, 2008.

[8] W. Dai and O. Milenkovic, “Subspace pursuit for compressive sensing
signal reconstruction,” IEEE Trans. Inf. Theory, vol. 55, no. 5, pp.
2230-2249, 2009.

[9] D. L. Donoho, Y. Tsaig, and J.-L. Starck, Sparse Solution of Underde-
termined Linear Equations by Stagewise Orthogonal Matching Pursuit
2006, Tech. Rep..

[10] T. T. Do, L. Gan, N. Nguyen, and T. D. Tran, “Sparsity adaptive
matching pursuit algorithm for practical compressed sensing,” in Proc.
Asilomar Conf. Signal Syst. Comput., 2008, pp. 581-587.

[11] D.L.Donoho and X. Huo, “Uncertainty principles and ideal atomic de-
composition,” IEEE Trans. Inf. Theory, vol. 47, no. 7, pp. 2845-2862,
2001.

[12] E.Candes and T. Tao, “Near optimal signal recovery from random pro-
jections: Universal encoding strategies?,” IEEE Trans. Inf. Theory, vol.
52, no. 12, pp. 5406-5425, 2006.

[13] S.Mendelson, A. Pajor, and N. Tomczak-Jaegermann, “Uniform uncer-
tainty principle for Bernoulli and sub-Gaussian ensembles,” Construct.
Alg., vol. 28, pp. 269-283, 2008.

[14] E. Candes and J. Romberg, “Sparsity and incoherence in compressive
sampling,” Inverse Problems, vol. 23, no. 3, 2007.

[15] R. Coifman, F. Geshwind, and Y. Meyer, “Noiselets,” Appl. Comput.
Harmon. Anal., vol. 10, pp. 27-44, 2001, 2005.

[16] E.Candes and T. Tao, “Decoding by linear programming,” IEEE Trans.
Inf. Theory, vol. 51, no. 12, pp. 4203-4215, 2005.

[17] J. Tropp, M. Wakin, M. Duarte, D. Baron, and R. Baraniuk, “Random
filters for compressive sampling and reconstruction,” in /[EEE Conf.
Acoust. Speech Signal Process., 2006, vol. 3, pp. 872-875.

[18] W.Bajwa, J. Haupt, G. Raz, S. Wright, and R. Nowak, “Toeplitz-struc-
tured compressed sensing matrices,” in IEEE Stat. Sign. Proc. (SSP),
2007, pp. 26-29.

[19] J. Romberg, “Compressive sensing by random convolution,” SIAM J.
Imag. Sci., vol. 2, pp. 1098-1128, 2009.

[20] W. Hoeffding, “A combinatorial central limit theorem,” Ann. Math.
Stat., vol. 22, pp. 558-566, 1951.

[21] K. Schnass and P. Vandergheynst, “Average performance analysis for
thresholding,” IEEE Signal Process. Lett., vol. 14, no. 11, 2007.

[22] M. Ledoux, “The Concentration of Measure Phenomenon,” American
Math. Soc., 2001.

[23] S. Chatterjee, “Stein’s method for concentration inequalities,” Probab.
Theory Rel. Fields, vol. 138, pp. 305-321, 2007.

[24] M. Talagrand, “New concentration inequalities in product spaces,” In-
vent. Math., vol. 126, pp. 505-563, 1996.

[25] E. Candes, J. Romberg, and T. Tao, “Stable signal recovery from in-
complete and inaccurate measurements,” Comm. Pure Appl. Math., vol.
59, no. 8, 2006.

[26] M. F. Duarte, M. B. Wakin, and R. G. Baraniuk, “Fast reconstruction
of piecewise smooth signals from incoherent projections,” in Workshop
Signal Process. Adapt. Sparse Struc. Represent., 2005.

[27] N. Ailon and B. Chazelle, “Approximate nearest neighbors and the fast
Johnson-Lindenstrauss transform,” in Proc. 38th ACM Symp. Theory
Comput., 2006, vol. 66, pp. 557-563.

[6

—

[7

—

Thong T. Do (S’08-A’09) received the Bachelor’s
degree from Hanoi University of Technology,
Vietnam, in 2003 and the Ph.D. degree in electrical
engineering from The Johns Hopkins University,
Baltimore, MD, in 2010.

He is currently a Postdoctoral Researcher with the
Army Research Lab, MD. Before joining the Army
Research Lab, he was a Postdoctoral Researcher with
the Advanced Video Compression Group, Thomson
Corporate Research, NJ. His research interest is a
mixture of digital signal processing and computer
vision with special focus on compressive sensing, sparse signal representation,
and their applications to image and video processing.



154

Lu Gan (M’11) received the Bachelor’s and

Master’s degrees from Southeast University, China,

in 1998 and 2000, respectively, and the Ph.D. degree

from Nanyang Technological University, Singapore,
in 2004.

- She is currently a lecturer with the School of Engi-

y neering, Brunel University, West London, U.K. Be-

& fore joining Brunel University, she was on the fac-

wE | 2 ulty of the University of Newcastle, Australia, and

7N k\ 24 ™ the University of Liverpool, U.K. Her research inter-

\ ests are in the general area of signal processing and

communications, with the current focus on compressive imaging, multimedia

security, and transmission.

Nam H. Nguyen received the B.Eng. degree in
electronic engineering from Hanoi University of
Technology, Hanoi, Vietnam, in 2000, the M.A.Sc.
degree in electrical engineering from The Johns
Hopkins University, Baltimore, MD, in 2007.

He is currently working toward the Ph.D. degree
in the Department of Electrical and Computer Engi-
neering, The Johns Hopkins University. His research
interests include sparse signal representations, com-
pressed sensing and its reconstruction algorithms,
low rank matrix recovery, and approximation.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 1, JANUARY 2012

Trac D. Tran (S’94-M’98-SM’08) received the
B.S. and M.S. degrees from the Massachusetts
Institute of Technology, Cambridge, in 1993 and
1994, respectively, and the Ph.D. degree from the
University of Wisconsin, Madison, in 1998, all in
electrical engineering.

In July 1998, he joined the Department of Elec-
trical and Computer Engineering, The Johns Hopkins
University, Baltimore, MD, where he currently holds
the rank of Associate Professor. His research inter-
ests are in the field of digital signal processing, par-
ticularly in sparse representation, sparse recovery, sampling, multirate systems,
filter banks, transforms, wavelets, and their applications in signal analysis, com-
pression, processing, and communications. His pioneering research on integer-
coefficient transforms and pre-/postfiltering operators has been adopted as crit-
ical components of Microsoft Windows Media Video 9 and JPEG XR the latest
international still-image compression standard ISO/IEC 29199-2. He is cur-
rently a regular consultant for the U.S. Army Research Laboratory, Adelphi,
MD.

Dr. Tran was the codirector (with Prof. J. L. Prince) of the 33rd Annual Con-
ference on Information Sciences and Systems (CISS’99), Baltimore, in March
1999. In summer 2002, he was an ASEE/ONR Summer Faculty Research
Fellow at the Naval Air Warfare Center Weapons Division (NAWCWD), China
Lake, CA. He has served as an Associate Editor of the IEEE TRANSACTIONS
ON SIGNAL PROCESSING, as well as the IEEE TRANSACTIONS ON IMAGE
PROCESSING. He was a former member of the IEEE Technical Committee
on Signal Processing Theory and Methods (SPTM TC) and is a current
member of the IEEE Image Video and Multidimensional Signal Processing
(IVMSP) Technical Committee. He received the NSF CAREER award in
2001, the William H. Huggins Excellence in Teaching Award from The Johns
Hopkins University in 2007, and the Capers and Marion McDonald Award for
Excellence in Mentoring and Advising in 20009.



