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ABSTRACT

The low-rank matrix approximation problem involves find-
ing of a rank k version of a m X n matrix A, labeled Ay,
such that Ay is as "close” as possible to the best SVD ap-
proximation version of A at the same rank level. Previous
approaches approximate matrix A by non-uniformly adap-
tive sampling some columns (or rows) of A, hoping that
this subset of columns contain enough information about A.
The sub-matrix is then used for the approximation process.
However, these approaches are often computationally inten-
sive due to the complexity in the adaptive sampling. In
this paper, we propose a fast and efficient algorithm which
at first pre-processes matrix A in order to spread out in-
formation (energy) of every columns (or rows) of A, then
randomly selects some of its columns (or rows). Finally, a
rank-k approximation is generated from the row space of
these selected sets. The preprocessing step is performed by
uniformly randomizing signs of entries of A and transforming
all columns of A by an orthonormal matrix F with existing
fast implementation (e.g. Hadamard, FFT, DCT...). Our
main contribution is summarized as follows.

1) We show that by uniformly selecting at random d rows

of the preprocessed matrix with d = O (%k max{log k, log %})
we guarantee the relative Frobenius norm error approxima-
tion: (14 7) ||A — Ax|| with probability at least 1 — 5.

2) With d above, we establish a spectral norm error ap-
proximation: (2 + 4/ 27"‘) ||A — Ag||, with probability at least
1-—26.

3) The algorithm requires 2 passes over the data and runs
in time O (mnlogd+ (m + n)d*) which, as far as the best
of our knowledge, is the fastest algorithm when the matrix
A is dense.

4) As a bonus, applying this framework to the well-known
least square approximation problem min || Az — b|| where A €

R™*" we show that by randomly choosing d = O <%}’yr log m)
the approximation solution is proportional to the optimal
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one with a factor of 7 and with extremely high probability,
(1—-6m77), say.

Categories and Subject Descriptors

F.2.1 [Numerical Algorithms and Problems]: Compu-
tations on matrices

General Terms
Algorithms, Theory

1. INTRODUCTION

Low-rank matrix approximation has been widely used in
many applications involving latent semantic indexing, DNA
microarray data, facial recognition, web search, clustering,
just to name a few (see [1] for a detailed explanation of these
applications). The Singular Value Decomposition (SVD) [2]
gives the optimal rank-k approximation of a matrix A in the
sense of both error bound in Frobenius and spectral norm.
However, computing SVD requires the amount of memory
and time which are superlinear in the size of A, hence the
true SVD becomes prohibitive in many applications. Re-
cently, several developments showed that a subset of rows
(or columns) which is obtained by adaptively sampling a few
rows (or columns) of A is sufficient for the approximation
process, particularly the work of Frieze et al. [3], Drineas
et al. [1], [4], Har-Peled [5], Deshpande et al. [6], [7] and
Sarlés [8].

The first adaptive-sampling algorithm was originated from
Frieze et al. [3] which shows how to sample rows of A.
Drineas et al. [1] then proposes a simpler algorithm to com-
pute an approximation of the SVD. Both methods claim an
additive Frobenius norm error which depends on the Frobe-
nius norm of the input matrix A. This approach is undesir-
able as this norm of A is often large. Also built on Frieze
et al.’s idea, more recently Har-Peled [5] and Deshpande et
al. [7] propose more intriguing sampling techniques, one em-
ploys geometric ideas while the other pioneers the concept
of volume sampling. They both showed that the Frobenius
norm approximation error is relative, implying that the er-
ror is (14 ) proportional to the best rank-k approximation
and the technique is far better than additive one. How-
ever, the amount of time for constructing sampling distribu-
tion seems to be costly. Most recently, Sarlds [8] proposes
a different approach based on results from fast Johnson-
Lindenstrauss transform (FJLT) [9]. The paper shows that
if a d = O(k/n+ klogk) random linear combination C of
rows of A is constructed, then the rank-k approximation



generated from row space of C achieves a relative error with
constant probability (at least 1/2, say). This algorithm is
the best so far in the sense of the least number of passes
over the input data A (only two), as well as the running
time O(Md + (n 4+ m)d®) where M denotes the number of
non-zero elements of A.

With a similar flavor but from a different perspective, we
propose a new fast and efficient algorithm, demonstrating
that by uniformly sampling d = O (%k max{log k, log %})
rows of A after preprocessing, the rank-k approximation also
guarantees the relative error with probability at least (1 —
53). Moreover, the algorithm only needs two passes over the
input data and the running time is O (mnlogd + (m + n)d?)
which, as far as the best of our knowledge, is the fastest al-
gorithms when the matrix A is dense. Our algorithm also
produces a low-rank approximation whose spectral norm er-
ror is /2m/d, proportional to the best rank-k version.

Our approach is motivated from remarkable results in
the compressed sensing (CS) community. The CS prob-
lem states that one can perfectly recover a k-sparse signal
z € R™ which has at most k-nonzero coefficients from an
observation y € R?, which is a random projector of  onto
a much lower dimensional space: d = O(klogm). To intu-
itively explain this magical phenomenon, it can be observed
that « is a low dimensional signal embedded into a high
dimensional space. Hence, under some good linear trans-
forms, y will preserve enough information of  such that the
critical information can be efficiently extracted by a good
reconstruction algorithm. In a recent paper [10], we show
that a structurally random matrix (SRM) is a promising
candidate for compressed sensing. Mathematically, SRM &
of size d X m is a product of three matrices

= \/%SFD 1

e D, the local randomizer, is a diagonal matrix whose di-
agonal entries are i.i.d Rademacher random variables:
P(D;; = £1) =1/2.

where

e F'is any m X m orthonormal matrix. In practice, one

can choose F' among many with efficient fast-computable

algorithms, for instance, Hadamard transform, FFT,
DCT, and DWT.

e S, the uniformly random downsampler, is an d X m
matrix whose d rows are randomly selected from rows
of an m X m identity matrix.

The intuition behind SRM is the Uncertainty Principle
which states that a signal whose energy is spread out in
time/spacial domain is concentrated in frequency domain
and vice versa. From this observation, it is necessary to
randomize all entries of £ to produce a noise-like signal be-
fore applying a fast transform to it.

In our proposed algorithm, we utilize SRM @ as a pre-
processor. By projecting columns of A onto ®, we hope
that the row space of ®A will contain a good approximation
of the row space of the entire matrix A. In a later section
of the paper, we will show that a sufficient selection of rows
of FDA will produce a fast approximation matrix and with
a relative error in the Frobenius norm as well as small error
in the spectral norm.

It is necessary to note that our algorithm is different from
the one of Sarlds [8] in terms of the last pre-processing step.
The later uses the so-called FJLT which is basically a com-
bination of three matrices: ® = PFD where F and D are
both defined above, and P is a sparse matrix whose en-
tries are chosen with distribution specified in [9]. Hence,
the projections of columns of A on ® are obtained by multi-
plication operators on P. In our algorithm, however, instead
of using matrix multiplication, d rows of matrix FDA are
uniformly selected in a random manner. Hence, if F' is a
fast transform like Hadamard or FFT, the computational
time can be reduced from O(mnd) to O(mnlogd)[11] with
a dense input matrix A. Our proofs are also significantly dif-
ferent: we use remarkable results in Banach space to claim
for our results, while Sarlés arguments based on Johnson-
Lindenstrauss lemma. In addition, unlike previously adap-
tively sampling techniques [3], [1], [4], [5], [7] whose sam-
pling distributions base mostly on the characteristics of rows
(columns) of A, our algorithm sample rows of FDA uni-
formly at random which is superior in the simplicity sense.

While preparing this paper, we are awared of two closely-
related efforts on constructing a similar preprocess as SRM
[11], [12]. However, there are still several significant dif-
ferences from our approach. In the first effort [11], entries
of the diagonal matrix D are complex and distributed uni-
formly on the unit circle. However, they were only able to
prove approximation bound if the matrix S is sampled with
an order of k? coordinates (d = O(k?)) which is far over
klogk. Not only the techniques are different, our resulting
spectral norm bound is also better by a factor of v/d. More-
over, our approach is more general in the choice of the fast
transform F. In the second effort [12], the problem is dif-
ferent: the authors apply a pre-processing step to improve
the least square approximation. Actually, by applying our
technique, the number of samples here can be decreased by
a factor of log(rlogm) and the probability of success is ex-
tremely higher. We will present this result in another version
in the near future.

The paper is organized as follows. The next section covers
critical background materials on matrix norms and linear al-
gebra. In section I1I, we introduce the algorithm and present
our main results for matrix approximation. We devote the
last sections for our arguments and concluding remarks.

2. NOTATIONS AND REVIEW OF LINEAR
ALGEBRA

Here are some notations used throughout the paper. Ma-
trices are represented by bold capital letters while vectors
are bold lower-case. Matrix and vector entries are not bold,
just like any scalar. For instance, A is a matrix, and its en-
try at row " and column ;" is A;j. Similarly, a is a vector,
and a; is its " entry. When we mention about a vector a,
we assume that it is the row vector while a* is its transpose.
In a matrix A, a; is defined as the i*"-row of the matrix A.

2.1 Matrix and vector norms

Several different matrix norms are used throughout this
paper. The spectral norm of a matrix X is denoted by || X||
whereas the Frobenius norm is represented as || X || .. If we
denote the Euclidean inner product between two matrices
is (X,Y) = trace(X"Y), then || X||, = (X, X). It can be
easily verified that: || X||, = supjy _, (X,Y



1: Input: Matrix A € R™*", error parameter 1 and prob-
ability success 3
2: Output: Matrix A, € R™*" of rank at most k

L Set d:O<7%M2m2max{k7\/lglogﬁm}max{logk,logé})
where 1 = max; ; |Fij‘2

2. Randomly pick up a subset €2 of d entries from
a set {1,2,...,m} with probability of each entry
selection is d/m

3. Compute C = /ZFoDA = ®A.
4. Project rows of A onto C to obtain P¢ (A)

5. Compute the best
Pc (A), A = Pe i (A)

rank-k approximation of

Algorithm 1: Low-rank matrix approximation algorithm

Another useful norm for our purpose is the Schatten norm.
Given a parameter ¢ > 1, the Schatten g-norm of a matrix

X is defined as: || X[ = > sq)l/q

PR where s;’s are singular
values of the matrix X.

Note that when ¢ = oo, the Schatten g-norm is the spec-
tral norm: || X[l = [ X||. Schatten 2-norm is the Frobe-
nius norm: [|X|[g, = [|X][[z. The following properties of
Schatten p-norm are used in the paper:

1) When p < g, the inequality occurs: HXqu < HX||SP.

2) If r is a rank of X, then with ¢ > log(r), it holds that
111 < 1X]ls, < e lIX ]l

With vectors, the only norm we consider is the 2-norm, so
we simple denote 2-norm of a vector by ||z|| which is equal
to \/{z,z), where (z,y) is the Euclidean inner product be-
tween two vectors. Like matrices, we can straightforwardly
establish: ||z|| = sup),—; (2, ¥).

2.2 Singular value decomposition

The Singular Value Decomposition (SVD) of a matrix A €
R™*™ is denoted by A = USV™* where U € R™*” ¥ €
RP*P V € R?*™ with p being the rank of A. The best rank-k
approximation with respect to spectral and Frobenius norm
of A turns out to be Ax = UrX V7, where Uy, is the first k
columns of U.

The orthogonal projector of rows of a matrix A onto a
matrix C is denoted by Pg(A) = ACTC where CT is the
Moore-Penrose pseudoinverse of C. A best rank-k approxi-
mation of Pg(A) is defined by P i (A).

3. OURALGORITHM AND MAIN RESULTS

Our Algorithm 1 takes matrix A € R™*™, an error param-
eter  and a probability success 3 as inputs. At first the A
is preprocessed by randomizing signs its columns and pass-
ing through a fast linear transform, for instance, Hadamard,
FFT, DCT, Wavelet, to name a few. A matrix C is then con-
structed by uniformly randomly sampling a subset of rows
from the FDA matrix. Next steps are followed similarly
as the algorithms of A. Deshpande et al. [7] and T. Sarlés
[8]. The low-rank approximation matrix is constructed by
projecting A onto C and computing the best rank-k approx-
imation of this projector.

217

Remark 1. It is important to understand the signifi-
cance of the parameter u here. u can be seen as a measure
of how concentrated and expanded magnitude of rows of the
transform F' are. The value of p ranges from 1/m to 1. In
the worse case when =1 and F' is a diagonal matrix with
|F3:| = 1, it implies that most of the entries of A are totally
lost in the random selection process, except when d = m.
Hence, the matrix C' is certainly not able to represent a good
approximation of A at small d. On the other hand when
u=1/m, F is a Hadamard or Fourier matrix, entries of F
are spread out uniformly and number of rows to select is op-

timal: d = O (% max {k, Vklog %"} max {logk, log %})
Our main result for the Algorithm 1 is presented in the
following theorem. Its proof is delayed to the next section.

THEOREM 1. Suppose A € R™ ", let n € (0,1] and 3 €
(0,1). Running the Algorithm 1 will return a rank-k approz-
imation matriz Ag. Then the three following claims hold:

1. HA_A”kH < (14 n)|A— Ayl with probability at
F
least 1 — 50

2. HA 714~k” < (24 4/ 21 [|A — A with probability at
least 1 — 203,

8. The algorithm requires two passes over the data and
runs in time O (mnlogd + (m + n)d”)

Remark 2. Recently, there appears two inspiring works
of N. Ailon and E. Liberty [13] [14] which significantly im-
prove the running time of Johnson-Lindenstrauss (JL) trans-
form. Particularly, they showed that by connecting results in
coding theory, a fast linear mapping ® € R**™ which guar-
antees JL Lemma is efficiently designed [13]. The ’efficiency’
implies complexity of the projection of A onto ® is reduced
to O(mnlogd) (the efford of [14] even archive a more de-
creasing complexity which is a order O(mn). Nevertheless,
maximum entries of each column of A need to be strictly
restricted). These FJLT can be applied directly to Sarlés’s
algorithm [8] to obtain less running time. Hence, it is now
essential to evaluate the proposed algorithm with Sarlés’s
one. For a fair comparison, we fix the transform matrix to be
Hardarmard and set probability of success to 1 —m~!. Then

our algorithm needs d = O (% max {klog m, vk log? m})

and O (mnlog(klogm) + (m + n)(klogm)?) for computa-
tional complexity (when k is less than O(log®m)), while
applying the best FJLT so far [13] to Sarlds’s algorithm will
requires

O ([mnlog(klogk) + (m + n)(klog k)] log m)

complexity which is still higher than that of our by approx-
imately a factor of logm.

4. PROOF OF THEOREM 1

Suppose matrix A has rank p. Let A = UXV™*. Denote
pairs Uy, Vi and U,_, V,_i the matrices of the first &k
and last (p — k) singular vectors of U, V, respectively. Also
denote ¥, and ¥,_; diagonal matrices of the first k¥ and
last (p — k) singular values of ¥. In order to establish the
Theorem 1, we use the two following lemmas and theorems.
These lemmas will be proven at the end of the section. We
leave the proofs of Theorem 2 and 3 for the next section.



The two following lemmas consider the Frobenius and
spectral norm bounds of (A — Ay).

LEMMA 1. Let H = U,_xX,_. If matriz (®U}) is full
column rank, then the following inequality holds

|4 =Poi ()], < 14— Al + @V @H|

In the next lemma, we consider the spectral norm bound.

LEMMA 2. Let H = U,_xX,—. If matriz (®U}) is full
column rank, then the following inequality holds

|4 = Po.x (A)] <2/|1A - A+ |(@UL) @H |

From the fact that for any two matrices X and Y, || XY || <
| X ||, we have

H(<1>Uk)T<I>HHF < H(U;;D*zrgyf«"DUk)‘1

(" 2H]|,
(2)

Similar result can be obtained with the spectral norm of
(®U,)" ®H.

We now denote random variables for random signs and
sampling processes. Let ¢; = D;; be i.i.d Rademacher ran-
dom variables with P(e; +1) = 1/2. Also let §; be
i.i.d Bernoulli 0/1 random variables with P(6; = 1) = d/m
whose subscript j represents the entry selected from a set
{1,2,...,m}. As mentioned above, j € Q. For consistence,
we define u; and hy are row vectors of Uy and H, respec-
tively. Also denote {e; € R™}1<j<m the standard basis in

the Euclidean space. It is followed that FGF o = Zjeﬂ fifi=

>, 0;f;f;. Hence,
(UiD") (FoFq) (DH)

= <iezu el> <Za fjf]> <Zeke,’ghk>
ZZZ(S]QE/CU ij) (fier) hi

Fjruihy,
Jj=1 i=1 k=1
m m m
= Z d0; (Z eiF;;uf) (Z Eijkhk> = Z 5]'-'1’;1’:/1'
j=1 i=1 k=1 j=1

where row vectors

m

;= E EiFij’U,i

=1

m

Y= Z Eijkhk.

k=1

and

(4)
Hence,
. M o
U,®"®H = T ;:1 0 x5y,

Likewise, Uy ®"®Uy = 7 3_7, 0;xjx;
In order to prove the Theorem 1, it is sufficient to

1. find a condition on d such that matrix Z;nzl
invertible.

(Sj:l:;:l}j is

—1
2. find the spectral norm bound of <Z;":1 6]-:1:;.7:]-) :

3. find the Frobenius norm bound of 377" | §;z7y;.
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The next theorem is dedicated for showing the bound of
d upon which }>", d;zjz; is invertible and establish the

probabilistic bound of HI e DRI | B

THEOREM 2. Let S = || — 2% 3"
number of samples d obeys:

logk. Then,
(ES")"? <5 % /gmax i

{k, log 27"’} log k for a positive constant

L 0l H Suppose the

d > 25mq1rnaxH:z:]-||2 for g >

(6)

Ifd > g,umrnax
Cy, < 25. Then,
P(S<a)>1-28

where a is any constant in (0,1)

(7
In the next theorem, we consider the Frobenius norm
bound of the sum » ", §;zjy;.

THEOREM 3. Let Sp = HZ;.":l 0;x5Y;
|A = Akl|%. Then,

and denote o =
F

ESp <4.65 max ;|| max [[y||

+ 2561/ 4 max [ Vamax fle |, k" max i}
m K3 [
(8)
Also, there is a small numerical constant C such that,
2m 3
P (SF < Cu\/a\/d\/Emax{\/E, log ?}log B) >1-38.
)

PROOF. (Theorem 1)
We are now ready to verify arguments in Theorem 1. The-
orem 2 states that as we sample enough rows of ® (d >

o } log k, say), |[I — U®*®U || < 1with
hlgh probability, Wh1ch implies that ®U}, is full column rank.

Furthermore, every singular values of ®U}j, are bounded in
the range

It can be easy to verify that for a matrix B, H(B*B)_lH <
1/52,;,(B). Therefore with the choice of a = 1/5, we obtain

(11)

Based on the above inequalities, we now simply bound the
second term of the Lemma 2 as follows

H(@Uk)wHH < H(U;;@*@Uk)‘l

-1y max {k log

P (H(U;<1>*<1>Uk)*1H < 2) >1-8

H H(DUP*’@H ||Epka

<y A - Ay
with probability at least (1 — 23). This inequality in com-
bination with the Lemma 2 proves the second statement of
Theorem 1.

Combine second claim of Theorem 3 and (2), (11), we
have with probability at least 1 — 50

|@ve)'en], < o7
nwa

dvVk max{Vk, log 2%} log %u\@



where 7 < 1. Set C» := C?(5/4)?, we get

d= 021u2m2 max{k,\/glog&n} logE
n g i

In combination with a condition on d that ®U}, is full row
rank, d must satisfies

d= C’E/fm2 max {k, \/Elog %n} max{log k,log %}
n

where C' := max{5C},C>2} is a small numerical constant.
Also from Lemma 1, we conclude the first statement of
Theorem 1
The running time can be bound similarly as in [8] and
[7]. Note that with our SRM, we do not have to use matrix
multiplication. Hence, the computational time is reduced
by a factor of d/logd.

O
4.1 Proof of Lemma 1

PrOOF. The proof is similar to the proof of Theorem 1
in [4] with small modifications (see also Theorem 14 in [8]).
Note that Pc,, (A) is the best rank-k approximation of A
on the row space spanned by C. Therefore,

1A —=Peox (A)llp < 1A= Bl

where B is any matrix of rank-k whose rows are on the row
space of C. We also have

A= Bllp <[A-Axlp+[lAr — Bl g

We choose B = Ay (®A)'C = Ax(®A;)T®A. In [4], the
author showed that

HAk - Ak(<1>Ak)T<1>AHF = “(@Uk)TQUp_kEP_k"F
The proof is completed. [J]
4.2 Proof of Lemma 2

Before proving the Lemma 2 , we show that orthogonal
projection of rows of a matrix A onto a matrix C also pre-
serves the optimality of the spectral norm.

PROPOSITION 1.
HA - ACTCH <|A-B|
where B is any matriz whose rows are on the space spanned
by rows of C

ProoOF. Denote & = argmax|; =1 z*A— m*AC’JrC'H and
let B = PC. We have

|A—PC| = sup |z"A—z"PC|
1

llzll=

= sup ||z*A —2"C| (denote 2" = z" P)
l=]l=1

> " A—zC| > ||#7A - aE*AC’TCH

- HA - ACTCH (by definition of z*)

The last inequality holds since *ACTC is the orthogonal
projection of £*A onto C, and thus [|£*A —xA*ACTC'H is
minimal. []
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The next proposition which has been stated in Theorem
1.6 of [15] and is simple to verify. It is said that if B is
a matrix with bounded norm, then for any bounded-norm
matrix A, singular values of AB satisfy

PROPOSITION 2. For every i =1, ..., rank(A)

5:(AB) < ||B| 5:(4)
PROOF. (Lemma 2) From the triangular inequality, we

have

|4~ Po. ()]l < ||4 - AC'C| + [ACC — P ()|

Recall that Pc i (A) = (ACTC) , is best rank-k approxima-
tion of ACTC. Hence,

HAC*C — Po (A)H = sk (ACTC)

By Proposition 2, sk+1(AC’TC) < HC’*CH Sk+1(A) = sp41(A) =
A — Al

In addition, from triangular inequality,
HA - ACTCH < HAk - AkCTCH + H (A—Ay) — (A— Ay CTCH
< HAk - AkCTCH + A — Ayl

Proposition 1 addresses that ||Ax — AxC'C|| < ||Ax — B||
where B is any matrix whose rows are on the row space
spanned by C. As in Lemma 1, we choose B = A (®A)C.
The proof in Theorem 1 of [4] also holds with spectral norm.
We obtain

|4: - Ax@a) 04| = ||(@UL) 8U, 5,

The Lemma is followed. [

S. PROOFS OF THEOREMS 2 AND 3

At the moment, we admit that expectation bounds (6) and
(8) of Theorem 2 and 3 holds. We now focus on verifying (7)
and (9). The arguments for these expectation bound will be
postponed to the Appendix.

At first, we state two lemmas for bounding max; ||z ;|| and
max; ||y;|| where ; and y; are the sum of vectors with ran-
dom +1 weights. We leave the proof to the end of the sec-
tion.

LEMMA 3. Let x; be defined in (4),

2m

Al <
(s el < Vb + 4y oz

)21—6 (12)

LEMMA 4. Lety; be defined in (4),

_ [HO f1og 2T -
P(lgmjixml\yg\lﬁx/uwrﬁl V8 ) >1-p4 (13)

where a = ||A — Ay, 7 is the numerical rank of (A — Ax)
which is defined as: v, = /0.

5.1 Proof of Theorem 2

Proor. Take ¢ = logk and apply Markov’s inequality.
For each t > 0, P (S > tES) < t~9. By choosing t = e and
B> t7%, we attain

IP’(S < 5e,/%vlogkmax\|xj||> >1-0.
J



Combine with Lemma 3 and let

a=C14/ %\/log ky/pmax{k,4log2m/B}

with C1 < 10e we conclude the proof. [

5.2 Proof of Theorem 3

In order to bound Frobenius norm of the sum of > 37" | 5,27y,
one of the easy way is to apply a simple Markov’s inequal-
ity. However, the probabilistic bound is not tight. Instead,
we use a remarkable result from Talagrand [16] (see also
Corollary 7.8 of [17] which bound the supremum of a sum
of independent random variables Z1, Z2, ..., Z,, in Banach
space

*sung

9€6

LEMMA 5. If |g| < n for every g € G and {g(Zi)}1<i<m

have zero mean for every g € G. Then for allt > 0,

)
o2+nES))’

(14)

where 0 = sup,cg Y, Eg*(Z:), S = supycq Y1, 9(Zi)],
and C > 0 is a small numerical constant.

P(]S —ES| > t) < 3exp (——

¢ log (1+
n

C

In the next Lemma, we claim that with high probability
the deviation of HZ;’;I 6j:z:;fyj’ -
the Frobenius norm of the sum is highly concentrated around
its expectation

is small. This implies that

LEMMA 6. With Sp defined in Theorem 3, its probabilis-
tic bound is

[P(SFSCM/lOg%~]ESF) Zl—ﬂ

where C1 s a small numerical constant.

(15)

PROOF. At first we note that || X ||, = supg/ .- trace(X"G)
= sup|g||.—1 (X,G). Let Z; := §;xjy;, we have

sup Z

Gl p=1;2

m

22

j=1

Sr = = sup Z (Z;,G) =

IGIp=15=1

F

Since Sr > 0, the expected value of Sr is equal to the ex-
pected value of Sp. That means ESr = ESr. The absolute
value of g(Z;) can be bounded

19(Z )| = (852795, G)| < [|6;25y5 | < [[&5s]l = llsll 1yl
Hence, we can take 1 := max; ||z;|| max; ||y;||]. We now
compute
Eg® (Z;) = B6; (239, G)° = L (21y;,GY < L |lasys|

g J) — J ]y]7 - m jy.]7 = m F

and therefore,
Zm: -2 i ’“J';yjH; =
= m i~

d *
“m Z ly; || trace (zjz;) <

j=1

iitraee (ziyy5z;)
m iYiY;T;5

j=1

2 - *
max |ly;||” trace ( E :z:j.'z:j>
J

j=1

da
m
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Combine with (23) (see section 6), we conclude

Z ) < km?XHyjHQ

4
m

Prove similarly and combine with (24), we also attain

ZEQ

2y< 4
m

ud d
max ||z, ||* trace (Z y;yj> = —amax ||z;|?
; m.

j=1

So, we choose

o —supZEg

= s { s
9€g =1 7
Apply the powerful Talagrand’s result (14) and note that
from expectation inequality (8), c?4+nESr < cESp+nESF =
E%Sp

P(Sr >t+ESr) <3 p(—

< 3exp (—

The last inequality comes from a simple observation that
log(1+x) > 2z/3 at 0 < z < 1. Hence, t must be selected
such that nt < E2Sp.

Choose t = C,/log %IESF where C is a small numerical

constant. By simple algebraic calculation, one can show that
nt <E2Sr as d > C%umlog % Therefore,

IP’(SF > (Cw/log%le) ESF) < 3exp (flog%> =0

There will exist a small constant such that C1, /log%

C log% + 1. The proof is now concluded. [

We are now ready to prove the Theorem 3

PROOF. (Theorem 3)
Lemmas 3 and 4 imply that with the probability at least

1-p
} and

2m
1g}a£xm lyill < C2\//104\/ log ?

where C; < 5 and Cg < 5. We consider two cases: k >
log =3 2m and k < log . For the former, define probabilistic
evens

2m

max lz;5] < Civ/1 max{k log — 3

and

)

= Al <
v = { max oyl < 5k

N = { max Il < 57 og



then from (8), suppose M and N hold, we have

2m

ESr < 4.56C1Capn/ay [ klog 3

+2.564 / % max {Olﬁ\/uk, Cle/“\/@}

< w/a {Cglc + 04\/dx/Emax{\/E, log %m}}

< Cs#\/a\/ dVkmax{Vk,log %m}

where Cs5 = 4.56C1Cy < 114, C4 = 2.56 * C1 < 13 and
Cs = (3 4+ C4 < 127. The second inequality follows from
w>1/m

We define the even

pP= {ESF < Csm/a\/d\/émax{\/ﬁ log %m}}

which occurs as both evens M and N hold.

We have P(P°) < P(M°U N°) < P(M°) + P(N°) < 28.
Hence P(P) > 1 — 24.

Combine with Lemma 6 and set C' = C5 x C1, we conclude
that with probability no less than (1 — 33)

Sp < CM\/E\/d\/Emax{\/E, log %m} log %

Likewise, if k£ < log 27"1, we obtain with probability at least

(1-33)
Sk < C’u\/aud\/glog Z?m log%

Combine both condition on k, we complete the proof of
Theorem 3.

O

Remark 3. It is important to compare the use of un-
complicated Markov’s inequality to the beautiful Talagrand
concentration measurement (Lemma 5) applied in Lemma 6.
If the former is utilized, then Lemma 6 is guaranteed with a
small constant probability, for instant, 1/2. This leads to the
conclusion of Theorem 3 with probability 1/2. However, in
this case the running time will be boosted by a logarithmic
proportion of m (logm) in order for the algorithm to success
with extremely high probability, 1 — m~*, say (see also re-
mark 2 for a fair comparison with other’s works and how our
technique is better in term of computational complexity).

5.3 Proofs of Lemma 3 and 4

In order to bound max; ||x;|| and max; ||y;||, we use a pow-
erful result from Theorem 7.3 of [17] which strongly bound
the supremum of a sum of vectors b1, ba, ..., b, with random
weights in Banach space.

LEMMA 7. Let {n;}1<i<m be a sequence of independent
random wvariable such that ||n;|| < 1 almost surely with ¢ =
1,2,...,m and let by, ba, ..., by, be vectors in Banach space.
Then for every t > 0,

2
]P’( >M-|—15><2exp(—1:52)7
5 o

> b
i=1
where M is either the mean or median of HZ?; mbiH and
m 2
o® = Sup|g|<1 Zi:l <g7bl>

(16)
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Lemma 7 asserts that the sum is distributed like Gaussian
around its mean or median, with standard deviation 2v/20.

Applying Lemma 7, we can bound the maximum of ||z;||
and [y, |

PROOF. (Lemma 3) We have ||z;| = HZ:’;I EiFijUiH =
|>>1, ebi|| where b; := Fjju;. The bound for ¢® can be
obtained by

m

ol = sup Z <g7bi>2 = sup g

> FjFiuiui | g°
llgll<135 llgll<1 i=1
m
<y sup g (Zujuz) g =pullUsl® =n

llgll<1 i=1

From Jensen’s inequality: EZ < vEZ? we have that M =

E 1z, ]| < \/E lla||* where

n
2 * *
501> = > eierFsFrjuius
i,k=1
2 7k * * *
i itk
Since {e;} is an i.i.d Rademacher sequence, ¢ = 1 and

Ee;e, = 0 with @ # k. Hence,

Ellz;|* = FiFyuiu <pd wiw = pl|Usl|} = pk
[3 =1

which leads M < /pk. Lemma 7 now gives us

t2
P (el 2 81+ 1) < 2ex0 (-1

Apply a union bound for a supremum of a random process

.2
P (1%?% llz;|| < M —|—t) < 2mexp (—@)

By choosing t = 4,/p, /log %”7 we obtain

P (s sl < ik + 4o 2 ) < 2me 5%
sjsm

The Lemma follows.

O

PROOF. (Lemma 4) Following the same line of proof as
in Lemma 3 with y; = Y"1 | €;Fj;hi, we can obtain a upper
bound for 2

o = sup Z (9, Fjshi) = sup g
llgll=1"=7 llgll=1

<§: F;;Fjih:hi) g
i=1

< sup g (thhz) g =p|HHJ|,

llgll=1 i=1

where H*H =%7_,U; U, 1Y, = Ei_k. Hence,
«
o <pl[Zpil = A - Al = ot =
and M = E [ly;|| < \/E |l;|* where
i Fjihih; < ,uthhi = p - trace (H*H)

E |lysl* =D F,
i=1 i=1

= p - trace (Ei,k) = pl|A— Axlf = pa



Therefore, M < ,/pa. Apply Lemma 7 and then take the
union bound for the supremum of ||y;||, we attain

Choose t = 4, /%, /log %" and combine with M < /na,

2 — m
IP’< max |ly;|| > \/,ua—i—4\/ﬁ\/E1 [log —m> < 2me” 18 = Jé;
1<j<m Tk 5

The proof is now completed. [

t2

P (128571 lly;ll <M+ t) < 2mexp (—W

6. EXPECTATION BOUNDS

Our main arguments are mostly based on Noncommuta-
tive Khintchine inequality which bounds the Schatten norm
of a sum of Rademacher series [18].

LEMMA 8. (Noncommutative Khintchine inequality)
Let {X;} (1 <1i<mn)be a set of matrices of the same dimen-
sion and let {e;} be an independent Rademacher sequence.
For each q > 2,

ZEiXi

i

1/q

< Oy X

q
E.

Sq

1/2

1/2
max H <Z XfX¢> H (Z Xixz*> ,
i Sq i

Sq
(17)

where the constant Cq <274 /T /q.

The next theorem is used to prove the expectation bound
of (8). We now state a stronger result

THEOREM 4. Let X andY be two matrices of size m X k1
and m x kg which satisfy X*Y = 0 and let {x;} and {y;}
be row wvectors of X and Y, respectively. Denote {0;} to
be a sequence of independent identically distributed {0/1}
Bernoulli random variables with P(§; = 1) = . Then at
q>2

q 1/q
Es |3 sy < 2202 max |1z max [lyi]| +
7 Sq ¢ ¢
1/2 1/2
2V/50, max { max ail| | yiy| omax |yl |Saia| .
¢ [3 Sq ¢ [3 Sq
(18)

where the constant Cy is defined in Lemma 17.

At first, we start with a Lemma which is useful for the
proof of the above Theorem

LEMMA 9. Let {x;}1<i<m be a set of row vectors of the
same length k and denote {0;} to be a sequence of inde-
pendent identically distributed {0/1} Bernoulli random vari-
ables with P(6; = 1) = 6. The following inequality is satisfied

1/q
>k *
E 0, x; E x;T;
; -

3

q

Es

< 2C; max||z;|® +5’

Sq
(19)
where ¢ > 2 and the constant Cy is defined in Lemma 17.

Sq
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PrOOF. The line of proof is similar to Theorem 3.1 of
Rudelson and Vershynin [19]. Let {§;} be an independent
copy of the sequence {0;}. By first applying the Holder’s
inequality and then Jensen’s inequality

q \ /4
E1 = ]E5 Zézxle
i Sq
q \ /4
< | Es 2(5173):1:2‘:1:1 +6 mezi
[3 Sq 7 Sq
q \ /4
i Sq i Sq
q \ /4
i Sq @ Sq
(20)

Define {¢;} to be an independent Rademacher sequence
and independent of the sequences {d; } and {4;}. Since (§; — J;)
is symmetric, (§; — §;) has the same distribution as €; (§; — ;).
Therefore, the first term of (20) is bounded by

q 1/q
i Sq
q 1/q
= | EsEsEe | Y € (6 — 6;) zias
i Sq

q \ /4

<2 | EsE. Z €0, T; =2 (E5E2)1/q )
i Sq

where the second inequality is followed from Holder’s in-
equality.
Apply Khintchine inequality (17) to bound FEs, we obtain

q 1/2
E> =E. Z edizizi|| < | Cq (Z 8,z x; ||a:1||2>
i Sq i ”
1/2\ ¢
< | Co || dimiz |
i Sq

Each term z}z; ||z;]|* of the sum is positive definite, so
from Weyl’s result (Theorem 4.3.1 of [20]) which mentions
that by adding a positive definite matrix to a positive defi-
nite matrix, all singular values will be increasing. Therefore,

. 2 2
we can replace all the weights ||z;|| by max; ||z;||” and move
outside the norm

q 1/2\ ¢

E

E ei&-mfzi
7

< (Cymax|zi)))” ’

7

Sq Sq



Hence,

q/2\ 14
(E(;Eg)l/q S Cq max H$1|| ]E5 Z (5,.’1):3}2
2 Sq
v 1/q 1/2
< Cymax ||z | [ Es |Y diaias
% Sq
= Cymax ||| \/ (BsE2)"/*,
(21)

where the last inequality follow from Ev/Z < \/E(Z).

From (21), one can see that: (EsE»)"? < C? max; ||lz;]|*.
The Lemma 9 is now followed. [

PROOF. (Theorem 4) As the above proof, define {§;} as
an independent copy of the sequence {d;}. Since XY = 0,
then following similarly as the above Lemma’s proof, we
obtain

q \ V4 q
El=|Es||> dixlys = | Es D (6 — ) ziws
i Sq % Sq
q 1/q
i Sq
q 1/q
<2 | EoEe | ) cdiaiy: =2(EsE»)"",

Sq

where {¢;} is an independent Rademacher sequence.
Applying Khintchine’s inequality to F2, we obtain

E; < Cfmax {Bi, B2}? = Cf max { B}, BJ}
where By = H (3, i} s ||yi||2)l/2HS and By is defined the
q

same as Bp except z; is replaced by y;. Expectation of Fy
is now bounded by

EsE2 < CiEs (max {B{, B3}) < Cj max{E;B{,EsBj3},

where the second inequality follows from: Emax{a,b} <
max{Ea, Eb} with nonnegative a,b. We have

E1 < 2C, max { (EsBY)'/* , (Es B§)"/*}

It is sufficient to bound (EsBY), (EsBI)"? can be at-
tained likewise. Also from Theorem 4.3.1 of [20], one can

see that: B1 < max; |lyi| H (ZZ 621:;‘:51) ||;{12 Hence,

(=)

where the inequality holds from Ev/Z < \/E(Z).
Upper bound for v/ Ej5 is followed from the Lemma (9),
and with nonnegative a and b, vVa + b < \/E + \/E

1/2
*
E xr;,x;
[

1/q
(EsBY)Y* < max [y |Es

Sq

VEs < V20, max ||| + V3

Sq

The proof is completed. []

= max ]| VE
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One can observe that the first claim of the Theorem 3 is
a corollary of Theorem 4. The condition X*Y = 0 obeys
since

XY =Y iy = (ULD") (F'F) (DH)
=1

—UH=UU, 15, =0

where the third equality holds due to the orthonormality of
F and D (see (3)).
We restate in a corollary.

COROLLARY 1. With the same notations as in the Theo-
rem 4. Denote {d;} to be a sequence of independent identi-
cally distributed {0/1} Bernoulli random variables with P(6; =
=24

- Then
< 4.65 max | max lys |

> sy
' F (22)

+2.564/ % max {\/amax ]| , &/ * max HylH} .

PROOF. Applying Theorem 4 to this case, one can find
the equations for the expected spectral and Frobenius norm
of the sums ), zjz; and 3_, yjy;. We first compute

Es

zix; = U,D*"F*FDU, = UiUy, = I,

Hence, the spectral and Frobenius norms of this sum are
as follows

m m
* . * .
T;Z; T;T;

=1 j=1

Similarly, >>™ , yjy; = H'H = Vp_kzﬁ_kV;_k. There-
fore,

=1 and =Vk (23

F

2
= Skt1 and,

> Yy
j=1
Eyjy;
Jj=1

(24)
==k, < IIA- Ak} =«

F

O

So far, we only consider the Schatten g-norm with 2 < ¢ <
oo of a sum of matrices with random Bernoulli weights. As
q = 00, the Schatten norm is the spectral norm. In the next
Theorem, we derive another useful result which is analogue
to the Theorem 3.1 of Rudelson and Vershynin [19]. The
Theorem guarantees the invertibility of a sub-matrix which
is formed from sampling a few columns (or rows) of a matrix

X.

THEOREM 5. Let {i}i<i<m be rows of a matriz X of
size m X k which obeys X*X = I and denote {0;} to be a se-
quence of independent identically distributed {0/1} Bernoulli
random variables with P(8; = 1) = §. Then with q > logk,
the following inequality is satisfied

q\ 1/q
(Eg ) SC\/gmaXH.’I:iH (25)

provided that the right-hand side of (25) and the constant
C =2 /re~

RN
Texe — 5 2511'1-’171

1=1




ProoOF. Denote F the expectation of the left-hand side.
Remark that || X|| < ||Xqu: we have

1
q /a

E < Es

Z (6: — 0) xjx

7

| =

Sq

Following precisely the proof of the Lemma 9 and remark
that HXqu <e|X| as g > log (rank (X)), we obtain

q 1/2

a\ 1/q
S 2qu\/%miaX ||$1H <E5 % Z 51.'62(567, >

From the Minkowski’s inequality: (E||X + Y”fl)l/q <
E[X 9" + (B[ X]|7)*? we see that

1 q\ 1/q q\ 1/q
<E5 32511':11 ) < (E,s )

—E+1
Therefore, E < QeC’q\/%maxi lzi]| VE+ 1. If E <1, then
VE ¥ 1 < /2 which leads to

1
E < Qﬁecq\/%max [l |

provided that the right-hand side is less than 1. Substitute
the value of Cy in Lemma 17, we finish the proof. [J

9 1/q
E < ng max ||; | (Ea

S’I
1/2

1 X
Tpxr — 5 zl: 0ix; ;i

The first claim of Theorem 2 is the exact corollary of the
Theorem 5 with 6 = d/m.

7. CONCLUSION

In this paper, we presented a fast and efficient algorithm
for low-rank matrix approximation as well as least-square
approximation. Using remarkable techniques in Banach space,
we showed that our algorithm can produce a rank-k£ matrix
approximation which achieves relative error bound in Frobe-
nius norm. In experiments, we observe that our algorithm
also obtain the relative error bound in spectral norm as sin-
gular values somehow decay in power laws. We leave the
problem of how to prove this bound for future research.
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